
bending stiffness 

Bending stiffness is a critical property of paper and 
board. Printed matter of low bending stiffness has 

poor appearance and is difficult to handle. Packaging 
boards require higher bending stiffness for good runnabil-
ity and higher strength to resist bending [1]. Bending stiff-
ness depends on the macroscopic thickness of the paper 
or board layers as well as the elastic modulus of the lay-
ered structure. The bending stiffness could be improved 
through optimization of the elastic modulus of the layers, 
the mid-ply bulk, or the basis weight distribution among 
the layers; the two latter options could play a significant 
role in optimizing the bending stiffness.

In practice, refining is used to modify elastic modulus, but 
thickness is modified by using bulky raw materials. To com-
bine these two different strategies in paperboard, the authors 
suggest a multi-ply structure. Chemical pulp, which has high-
er elasticity, is used for surface layers, but bulky mechanical 
pulp is used for middle layers [2–4]. To optimize the contribu-
tion of these two parameters (i.e., elasticity and thickness), 
numerical methods have been tried, but a widely accepted 
theoretical method has yet to be found.

This work introduces a model to predict maximum bend-
ing stiffness in a symmetric three-ply board based on the mid-
dle-layer share of basis weight.    

INTRODUCTION TO THE MODEL
Definitions 

The bending stiffness of paper or board is defined by a stan-

dard expression for a uniform beam as follows [5]:

	 	 , 	 	 	 	 	  (1) ,

where z is the thickness and E the elastic modulus. For the homo-
geneous contribution of each ply, integration of Eq. 1 yields:

	 	 	 	 	 .   .	  (2)

The bending stiffness of an entire sheet of paper or board 
composed of N layers can be expressed in the following 
form:

                                                                      
	 	 	 . 	 (3)

Model development
Combining Eqs. 2 and 3 along with some readjustments yields 
the following equation for the bending stiffness of a symmet-
ric three-ply paperboard [5]:

	 	 	 	 	 	  (4)

where E1, E2, d and d2 are the elastic modulus of the surface 
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layer, elastic modulus 
of the middle layer, 
total board thickness, 
and middle-layer thick-
ness, respectively. It is 
reported that basis 
weight greater than 30 
g/m2 has a marginal impact on both elastic modulus and den-
sity [6–7]. Therefore, the middle-layer share of basis weight 
(m) could be used as an indicator of middle-layer thickness.  

The middle-layer share of basis weight, m, can be defined 
as (Fig. 1):

(5)

and

(6)

(7)

where BWt and BWm are the total and middle-layer basis 
weight of the paper or board, 1 and 2 are the densities of the 
surface and middle layers, and d1 and d2 are the thicknesses 
of the surface and middle layers. Substituting d=Sdi=2d1+d2 
for d1 and d2 in Eqs. 6 and 7 yields:

. 	 	 	 	 	 	 	 	
.                                   (8)

By combining Eqs. (4), (6), and (8), we can express the bend-
ing stiffness as a function of the middle-layer basis weight 
share, m, in the following form:
 

	  	  	  , (9)

or 
	 Sb=f(am) ,	  		                    (10)

where f(am) is a polynomial function of am. f(am) is maxi-
mum if:

	  	 ,                                                            (11)

assuming that the middle-layer share is not zero. Solving Eq. 
11 for m

* yields:

.                                (12)

As Eq. 12 shows, the optimum middle-layer share depends 
only on the pulp properties (i.e., the density and the elastic 
modulus of the middle and surface layers), which are con-
stant for a given paper or board. Therefore, the middle-layer 
share is the only variable which controls the maximum bend-
ing stiffness. 
	
The second derivative of Eq. 10 gives the correct value of  am

*
  

and shows that it is independent of basis weight. Bending stiff-
ness at the maximum should satisfy the relationship:

	 	
.  

                                                            (13)

Then the acceptable value of am
*
  would be:

. 	 	 	 	 	 	 	 	
.   

                         (14)

Substituting for am
*
 in Eq. 10 then yields the maximum bend-

ing stiffness:

  .                                                                     (15)

Predictions of the model
Papermakers are producing three-ply paper with 58% mid-
dle-layer share, but the model shows that it is possible to ob-
tain the same bending stiffness with 75% middle-layer share. 
Figure 2 shows that at 58% middle-layer share (indicated 
by the circle), the bending stiffness is equal to 83.2 mN, but 
the same bending stiffness could be achieved at a middle-
layer share of 75%. This is a valuable discovery because it of-
fers an outstanding economic breakthrough to the board 
industry and also can contribute to reducing deforestation. 
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1. Schematic of  
symmetric three-ply 
sheet and notation.



bending stiffness

Predictions of the model compared to the 
numerical results

Case 1
Figure 3 illustrates the optimum share of middle and surface 
layers. Its maximum, which is at 33% (m

* = 100% – 33% = 
0.67), fits well with the prediction of the model ( m

* = 
0.66).

Case 2
Elastic modulus and density are related [9,10]. The relation-
ship is given as [11]:

                                          (for middle layer –  
				              mechanical pulp)

                                           
            (for surface layer – 

chemical pulp)

For a symmetric three-ply board, the following densities can 
be assumed:  

 
. 

For a board with total basis weight of 180 g/m2, the numerical 
method yields a middle-layer share of 73% (m

* = 0.73), which 
matches well with the prediction of the model (m

* = 0.734).

Case 3
Elastic modulus and density were measured for a mixture of 
hardwood and softwood at different refining levels and re-
ported in Table I [12]. The bending stiffness for a hard-
wood: softwood ratio of 80:20 at a refining level of 3000 
revolutions per minute suggested a layer structure of 
40+150+40 g/m2. The prediction of the model is almost the 
same (35+160+35 g/m2).

Figure 4 shows the influence of middle-layer basis 
weight share on the maximum bending stiffness of a sym-
metric three-ply board with 230 g/m2 basis weight for two 
different pulps used in the middle layer. An increase in the 
middle-layer share reduces the maximum bending stiffness. 

30  TAPPI JOURNAL | october 2008

%SW/
HW

Pulp  
property

1000  
Rev.

3000  
Rev.

5000 
Rev.

Middle layer

E2=1.828 

(GPa), 2=376 

(kg/m3)

0/100
1 (kg/m3) 519 582 622

E1(GPa) 3.140 4.126 4.746

20/80
1 (kg/m3) 559 622 671

E1(GPa) 3.802 5.181 5.811

40/60
1 (kg/m3) 576 648 696

E1(GPa) 4.111 5.450 6.417

Surface layer
2=428 (kg/

m3), E2=2.598 

(GPa)

0/100
1 (kg/m3) 574 641 686

E1(GPa) 4.21 5.43 6.01

20/80
1 (kg/m3) 625 682 690

E1(GPa) 5.31 6.74 6.85

40/60
1 (kg/m3) 575 659 718

E1(GPa) 4.71 6.46 7.54

2. Maximum bending stiffness vs. middle-layer basis weight 
share.

3. Calculated bending stiffness vs. share of chemical pulp
(chemical pulp (surface layer): E/=7.69×106 Nm/kg, =826 kg/m3 
and mechanical pulp (middle layer): E/=3.02×106 Nm/kg, =400 
kg/m3) [8].

4. Maximum bending stiffness vs.  m
* using two different pulps 

in the middle layer.

I. Maximum values of elastic modulus and density for a mixed 
surface layer at different refining levels.
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Pulp with higher density and higher elastic modulus, but the 
same middle-layer share, produces a board with lower bend-
ing stiffness. Interestingly, Fig. 4 shows that the bending stiff-
ness is more sensitive to the surface-layer properties (density 
and elastic modulus) than to those of the middle layer.

Case 4
For further validation of the model, the authors conducted a 
laboratory experiment. A set of three-ply boards was made 
according to the method provided in Appendix I. Surface-
layer furnish was formulated using Eucalyptus camaldulensis 
and pine bleached kraft pulps in different proportions. Chemi-
thermomechanical pulp (CTMP) was used for the middle 
layer. All pulps were market pulps. The hardwood and soft-
wood pulps were mixed in different ratios, then refined to 
4000 revolutions using a PFI mill. About 2% (g/g) modified 
starch was also added to the refined pulp as a co-binder in the 
surface layers. The total basis weight of the symmetric three-
ply paperboard was 240 g/m2. The data suggest that the max-
imum bending stiffness occurs at 58% middle-layer share, as 
shown in Fig. 5. The model prediction of the maximum 
bending stiffness is almost the same (64%). The average values 
of 1, 2, E1, and E2 (600 kg/m3, 355 kg/m3, 2.789 GPa, and 
0.808 GPa, respectively) were used in the model. TJ

CONCLUSIONS
A model was developed that maximizes bending stiffness of 
a symmetric three-ply board by controlling middle-layer basis 
weight. The predictions of the model fit well with experi-
mental results. 

The findings of the model represent a potential savings to 
paperboard mills as well as a forest resource conservation op-
portunity. 

ACKNOWLEDGEMENTS
The authors are grateful for the fruitful discussions and contribu-
tions of Dr. Elias Retulainen at VTT during the development of the 
model and the careful review provided by Dr. Chun Tao.

Received: October 30, 2006
Accepted: March 23, 2008

LITERATURE CITED
1. Paulapuro, H., Paper and Board Grades, Papermaking Science and 

Technology Series, Book 18, Fabet Oy, Helsinki, Finland (2000).

2. Attwood, B. and Moore, G., An Introduction to the Theory and Practice of 
Multi-ply Forming, Pira International, Leatherhead U.K., p. 125 (1994).

3. Fellers, C. and Carlsson, L.A., Handbook of Physical and Mechanical 
Testing of Paper and Paperboard, Vol. 1, Marcel Dekker: New York, p. 
323 (1993). 

4. Valkanas, A., Proc. New Technologies in Multi-ply and Multilayer Structures. 
Pira International, Leatherhead U.K. (1987).

5. Kajanto, I., Structural Mechanics of Paper and Board, in Papermaking 
Science and Technology Series, Book 16, Helsinki, Finland, p. 194 
(1998).

6. Mohlin, U.B., Some Aspects of Basis Weight Dependency of Mechanical 
Properties of Paper (in Swedish), SCAN Forsk report, p. 565, 1990. 

7. Seth, R.S., Jantuen, J.T., and Moss, C.S., Appita J., 42(1):[page?] 
(1989).

8. Fellers, C.R. and Carlsson, L.A., Handbook of Physical and Mechanical 
Testing of Paper and Paperboard, Vol. 1 (R. E. Mark, Ed.), Marcel Dekker: 
New York, p. 323 (1983).

9. Niskanen, K.J., Products of Papermaking, Vol. 2 (C.F. Baker, Ed.), Pira 
International, Leatherhead U.K., p. 641 (1993).

10. Räisänen, V.I., Alava, M.J., Niskanen, K.J., et al., J. Materials Res. 
12(10):2725(1997).

11. Retulainen, E., Personal Documents, VTT Technical Research Center 
of Finland, 2003. 

12. Chun, T., Optimization of Bending Stiffness of Folding Boxboard, Master’s 
Thesis, Asian Institute of Technology, Bangkok, Thailand, p. 69 
(2000). 

APPENDIX I

october 2008 | TAPPI JOURNAL  31

5. Bending stiffness vs. middle-layer share. 

A-1. A procedure for producing the laboratory-scale symmetric 
three-ply board.
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insights from the authors

We chose this area of research because we were 
looking for a clue about how to control bending stiff-
ness with a single parameter. This work takes a 
mathematical approach to previous work, and pro-
vides an extension of the previous mathematical 
model. Developing a practical formula from a gener-
al mathematical model was the most difficult aspect 
of the project.

Our main finding was that a single variable could 
control the bending stiffness.  Having the role of 
middle layer share as a single controlling variable 
was an interesting finding for us. We feel that by 
using the present finding, mills could save raw mate-
rials, increase bending stiffness of the product, and 

reduce the pro-
duction cost for 
paperboard mills.
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