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The ash content of paper is closely related to its phys-
ical properties such as smoothness, whiteness, and 
opacity. Therefore, accurately determining the ash 

content of paper is a crucial aspect of paper quality control 
[1-3]. In recent years, research on paper ash content has 
deepened, with the primary ray detection methods includ-
ing X-ray fluorescence, X-ray diffraction, and energy-dis-
persive X-ray fluorescence (EDXRF) [4]. The X-ray fluores-
cence method proposed by Huang [5], based on the selective 
absorption characteristics of paper, can achieve high-pre-
cision measurements within 30 s, with a measurement error 
of less than 1% and a root mean square error of ±0.58%. Ou 
[6] and others used 55Fe isotopes as a radiation source to 
study the absorption relationship between soft X-rays and 
paper ash content. Rozic [7] and others employed EDXRF 
technology for elemental analysis of paper, further expand-
ing the scope of ash content research. Traditional 55Fe ra-
diation source methods suffer from the drawbacks of high 
cost and short lifespan. Lu [8] proposed a continuous X-ray 
method using an X-ray tube for the quantitative detection 
of total ash content and its components in paper. This ap-
proach offers lower costs and shorter measurement times.

The X-rays emitted by the 55Fe radiation source are con-
centrated at 5.9 keV, while the X-rays generated by the X-ray 
tube have an energy range from 100 eV to 100 keV, with a 

continuous wavelength spectrum between 0.01 nm and  
10 nm. Therefore, when using continuous X-rays from an 
X-ray tube to measure paper ash content, the absorption 
coefficients of different fillers for the continuous X-rays are 
key factors affecting measurement accuracy. Many re-
searchers have utilized the Monte Carlo N-Particle (MCNP) 
program to calculate the energy absorption coefficients of 
media for X-rays of different energies [9] and employed the 
Monte Carlo algorithm to study the characteristics of X-rays 
[10-16]. Finite element methods have also been used to 
model X-ray tubes, investigating their performance under 
various working conditions and optimizing X-ray tube de-
sign [17-19].

This study uses the COMSOL software finite element 
method (COMSOL; Burlington, MA, USA) to simulate the 
process of continuous X-ray detection for paper ash con-
tent, establishing an energy simulation model for X-ray 
measurement. The interaction between X-rays and paper 
is modeled to gain a deeper understanding of the energy 
transformation of X-rays within the paper. By integrating 
experimental results with simulation data, the absorption 
coefficients of continuous X-rays in paper with varying 
filler contents are analyzed. This research aims to further 
enhance the reliability and accuracy of paper ash content 
measurement.
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ABSTRACT: Ash content is one of the critical quality parameters in papermaking production. Traditional 55Fe 
radioactive sources used for online ash content measurement have a short lifespan and high costs, while offline 
methods such as the combustion method or chemical analysis are time-consuming. Using an X-ray tube as the radi-
ation source, continuous X-ray measurement offers advantages such as being rapid, non-destructive, and 
cost-effective. 

In this study, COMSOL software was employed to simulate the measurement process and establish an energy 
attenuation model for X-ray measurement of paper ash content. The model simulates the energy attenuation of 
X-rays before and after transmission through four materials: calcium carbonate (CaCO3), titanium dioxide (TiO2), 
wood-based plant fibers, and paper samples filled with CaCO3. The absorption coefficients of paper samples with 
varying ash content were investigated using the model and compared with experimental results obtained from con-
tinuous X-ray measurements. The results indicate that the proposed energy simulation model can reduce the mea-
surement error of paper ash content by 1%, significantly enhancing the reliability and accuracy of ash content 
measurement.

	 Application: This study focuses on continuous X-ray measurement of paper ash content. Using COMSOL soft-
ware, we simulated the measurement process and developed an X-ray energy attenuation simulation model for 
measuring paper ash content. The reliability and accuracy of ash content measurement were significantly improved.
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PRINCIPLE OF CONTINUOUS X-RAY 
MEASUREMENT OF PAPER ASH CONTENT
X-ray tube and X-ray energy calculation

In an X-ray tube, when high-speed electrons collide with 
the metal cathode target, their abrupt deceleration converts 
kinetic energy into electromagnetic radiation, producing 
X-rays through Bremsstrahlung. The intensity of rays gen-
erated by the X-ray tube is related to factors such as the 
energy of the electron, the atomic number of the target 
material, and the impact angle [20].

The relationship between the limit short wavelength of 
the Bremsstrahlung continuum spectrum of X-ray tubes 
and the tube voltage is:

λmin = 124/V	 (1)

The relationship between the maximum intensity wave-
length and the ultimate short wavelength of the Brems-
strahlung continuum spectrum of X-ray tubes is:

λmax = 1.5λmin	 (2)

The relationship between the average wavelength of the 
Bremsstrahlung continuum spectrum of X-ray tubes and 
the extreme short wavelength is:

λmean = 2.5λmin	 (3)

The relationship between the total energy intensity of 
the X-ray tube and tube voltage, tube current, and atomic 
number is:

l0= kiZV2	 (4)

In the previous equations, λmin is the shortwave limit 
wavelength of the X-ray continuous spectrum (nm); λmax is 
the wavelength corresponding to the maximum intensity 
of the continuous X-ray spectrum (nm); λmean is the short 
average wavelength of the X-ray continuum spectrum (nm);  
l0 is the incident intensity of continuous spectrum rays; k 
is the proportional coefficient, i is the tube current (mA);  
V is the tube voltage (kV); and Z is the atomic number of 
the ray tube target.

Scattering attenuation phenomenon of X-rays 
passing through paper

When X-rays penetrate a certain thickness of material, they 
undergo a series of complex interactions with the material. 
The interactions between X-rays and matter occur in sev-
eral ways, primarily including the photoelectric effect, co-
herent scattering (Rayleigh scattering), incoherent scatter-
ing (Compton effect), and pair production. For low-energy 

X-rays and materials with high atomic numbers, the pho-
toelectric effect predominates. For medium-energy X-rays 
and materials with high atomic numbers, the Compton ef-
fect dominates, while for high-energy X-rays and materials 
with high atomic numbers, pair production is the dominant 
interaction [21,22].

When X-rays pass through a material, the bound elec-
trons in the target material’s atoms undergo inelastic colli-
sions with the X-rays, resulting in the ejection of electrons. 
This process causes the X-rays to lose energy and change 
direction, known as Compton scattering. Interactions be-
tween X-rays and matter may lead to energy loss, while X-
rays that do not interact continue to penetrate the material. 
The probability of photon interactions with matter is de-
scribed by the theoretical value of the photon interaction 
cross-section, σtot, which represents the probability of pho-
ton-atom interactions per unit area. The total interaction 
cross-section is the sum of its individual components [23]:

(5)

where σpe is the photoelectric effect cross-section; σcoh and  
σincoh  are the coherent (Rayleigh) and incoherent (Compton) 
scattering cross-sections, respectively; and σpair and σtrip are 
the electron pair cross-sections in the atomic nucleus and 
atomic electron fields, respectively.

The linear attenuation coefficient μ represents the total 
probability of interaction between X-rays and matter such 
as photoelectric effect, Compton effect, and electron pair 
generation at unit distance (cm-1). For a given material, the 
relationship between σtot  and μ is:

(6)

where N is the atomic number density of the material.
When the X-rays emitted by the X-ray tube penetrate the 

paper, its energy intensity complies with Beer’s attenuation 
law [24]. A narrow beam of monoenergetic photons with 
incident intensity I0 penetrates a sample with mass thick-
ness x and density ρ. The changes in X-ray energy inten-
sity are as follows:

(7)

where I is the X-ray intensity after penetrating the paper;  
μ/ρ is the mass attenuation coefficient of the sample to X-
rays (cm²/g); and x is the basis weight (g/cm²), defined as 
the mass per unit area.

COMSOL model parameter settings
This study employs the bidirectional coupling ray tracing 
module of COMSOL software to simulate the process of 
using continuous X-rays to detect paper ash content. A 
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simulation model for measuring the energy of paper and 
ash content was established to investigate the energy vari-
ation during the interaction between X-rays and paper. As 
X-rays penetrate the medium and air domains, intensity 
attenuation occurs. By calculating the intensity changes 
before and after attenuation and incorporating parameters 
such as the material’s attenuation coefficient, density, and 
thickness, the ash content in the model can be determined.

In the geometry module, three rectangles of incident 
air, transmitted air, and paper ash model are set as the re-
search domain. At the ray emission end, the upper bound-
ary of the incident air domain is used as the ray release 
boundary, and the experiment simulates the continuous 
X-rays generated by the X-ray tube voltage and current of 
10000 V and 0.28 mA, respectively. The maximum energy 
of the ray is set to 10 keV; the energy spectrum of the ray 
tube is evenly distributed; and the release mode is uni-
formly distributed.

At the ray receiving end, the lower boundary of the 
transmitted air domain is used as the detector. In order to 
improve the consistency between the simulation and ex-
perimental data, the receiving mode is set to Poisson dis-
tribution to simulate the randomness of the arrival of pho-
tons, and the counting process of each photon is simulated.

The material properties of the study domain are set as 
attenuation coefficient, refractive index, material density, 
and reference temperature and pressure, respectively. The 
mass attenuation coefficients of photons acting with vari-
ous materials can be queried by the international standard 
NIST database [25]. The mass attenuation coefficients of X-
rays in compounds or mixtures can be calculated according 
to Eq. 8:

(8)

where ρ is the density of the compound, μi/ρi is the mass 
decay coefficient of each constituent element of the com-
pound, and Wi is the mass percentage of the element.

There is a certain correlation between the refractive 
index of the material and the wavelength, and the refrac-
tive index of the material may be slightly different depend-
ing on the wavelength, so the optical dispersion model is 
set up in the simulation. Dispersion phenomenon means 
that light of different wavelengths will propagate at differ-
ent speeds in the same material, resulting in light deflection 
and dispersion effects [26]. Sellmeier’s formula describes 
the relationship between the refractive index of a material 
and its wavelength, and it is usually used to describe the 
optical properties of non-metallic materials. The general 
form of Sellmeier’s formula is shown in Eq. 9:

(9)

where n(λ) is the refractive index; λ is the wavelength; and 
Aj and Bj are Sellmeier coefficients, which are empirical 
coefficients fitted from experimental data.

The sample measurement model has dimensions of  
10 mm × 0.08 mm in the X and Y directions, with the 
X-ray beam incident perpendicular to the X-axis on the 
material surface. The cross-sectional area of the X-ray 
beam in the XY direction is much smaller than the area 
of the irradiated material in the XY direction. For each 
condition, 100 ray trajectories are traced in the calcula-
tion. To eliminate statistical errors caused by the finite 
number of ray trajectories, as well as minor errors due to 
the physical model and numerical calculations, the calcu-
lation results are ensured to have an error within 2%. The 
geometric structure of the COMSOL ray tracing simula-
tion model for paper ash content measurement estab-
lished in this study is shown in Fig. 1.

The main objects of this study are office paper and 
newsprint. Therefore, the energy attenuation of continu-
ous X-rays at 10 keV was calculated in the four materials: 
calcium carbonate (CaCO3), titanium dioxide (TiO2), pop-
lar wood plant fibers, and CaCO3-filled paper samples. 
Using Eq. 7 and Eq. 8 along with the mass attenuation 
coefficient data of the relevant materials [25], the energy 
attenuation of X-rays passing through CaCO3, TiO2, pop-

1. Schematic of COMSOL simulation model.
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lar wood plant fibers, and CaCO3-filled paper samples 
was calculated. Table I shows the mass attenuation coef-
ficients and densities of these four materials.

ANALYSIS OF SIMULATION MODEL 
CALCULATION RESULTS

Attenuation of X-rays in paper and its ash 
materials

The incident air domain has dimensions of 15 mm × 30 
mm in the X and Y directions, while the dimensions of the 
paper ash material are set to 10 mm × 0.08 mm in the X 
and Y directions. The transmitted air domain also has di-
mensions of 15 mm × 30 mm in the X and Y directions, 
with an environmental temperature of 293 K and reference 
pressure of 101 kPa. In this study, based on Eq. 8 and the 
mass attenuation coefficient data of the relevant materials, 
COMSOL was used to calculate the intensity variation of 
X-rays transmitted through four materials — CaCO3, TiO2, 
lignocellulosic fibers, and CaCO3-filled paper samples — 
as shown by the solid red lines in Figs. 2–5. Simultane-
ously, the energy intensity attenuation of X-rays transmit-
ted through these four different materials was calculated 
theoretically using Eq. 7 (black dashed lines in Figs. 2–5). 

3. Intensity attenuation of X-rays through titanium dioxide (TiO2) 
medium.

2. Intensity attenuation of X-rays through calcium carbonate 
(CaCO3) medium.

4. Intensity attenuation of X-rays through plant fibers.

Materials CaCO3 TiO2 
Woody 
Plant 
Fiber

CaCO3-Filled 
Paper 

Sample

Mass attenuation coefficient (μ/ρ), cm²/g 0.3915 0.4554 0.0566 0.1058

Density (ρ), g/cm3 2.9300 4.2600 1.5000 0.7955

CaCO3: calcium carbonate; TiO2: titanium dioxide. 

I. Densities and mass attenuation coefficients at 10 keV for several materials.
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The theoretical calculation results and the model results 
have a deviation within 3%. The cause of the error is due 
to the refraction of X-rays in the medium and the temper-
ature changes induced by the absorption of X-rays in the 
material. The density and refractive index changes of the 
air gap affect the ray trajectory, altering the transmission 
thickness, resulting in incomplete transmission of the X-
rays or an increased transmission distance through the 
material at an angle, which in turn affects the calculation 
of attenuation intensity.

The COMSOL simulation results show that when X-rays 
sequentially pass through the incident air domain, the me-
dium, and the transmitted air domain, the X-ray energy 
intensity is significantly attenuated in a relatively short time 
in all four different material mediums. The X-rays produce 
significant attenuation when passing through CaCO3 and 
TiO2 (Fig. 2 and Fig. 3, respectively), with the intensity at-
tenuation of the 0.008-cm-thick medium layer approaching 
2%, which is 466.25% of the intensity attenuation of the air 
medium under the same conditions (as shown by the fold-
ed line portion before 0.10 ns in Fig. 2). In comparison, TiO2 
causes slightly more attenuation of X-rays than CaCO3. 
When the X-ray energy is maintained under certain condi-
tions, the atomic number and density of the material affect 
its ability to absorb and attenuate X-rays. Generally, materi-
als with high atomic numbers and their compounds show 
stronger absorption and greater attenuation at the same 
X-ray energy.

When X-rays pass through the plant fiber and CaCO3-
filled paper models (Fig. 4 and Fig. 5, respectively), the at-
tenuation of the X-ray energy intensity is smaller compared 
to CaCO3 and TiO2. This is because plant fibers and paper 
are primarily composed of carbon (C), hydrogen (H), and 
oxygen (O), which have smaller atomic numbers and lower 

densities, resulting in weaker X-ray absorption and smaller 
attenuation. The intensity attenuation of pure plant fiber 
material is slightly less than that of CaCO3-filled paper, be-
cause the addition of CaCO3 increases the mass attenuation 
coefficient of the paper, altering its density, translucency, 
and other physical properties.

The absorption of X-rays by pure filler materials (Fig. 2 
and Fig. 3) is greater than the absorption by paper contain-
ing fillers (Fig. 5), which in turn is slightly greater than the 
absorption by pure plant fiber materials (Fig. 4). From an 
energy conversion perspective, this confirms the feasibility 
of using continuous X-rays to measure paper ash content 
in experiments.

Comparison and analysis of simulation model 
and experimental measurement data

To further validate the reliability of the simulation method 
proposed in this study, a comparison was made with the 
continuous X-ray method for measuring paper ash content 
proposed by Hu [27]. Paper samples with different ash con-
tents of CaCO3 and kaolin fillers were selected; the mass 
attenuation coefficient of the samples was calculated using 
experimental and simulation methods; and the measure-
ment results were compared. The continuous X-ray meth-
od uses an X-ray tube as the radiation source and an ion-
ization chamber as the X-ray receiving device. The X-ray 
receiving device and measurement amplification circuit 
convert the X-rays before and after attenuation into voltage 
signals for collection. Taking the logarithm of both sides 
of Eq. 7, we get:

(10)

Further converting the intensity to a voltage signal, Eq. (10) 
becomes:

(11)

where:
Vair: no measurement voltage (V) 
Vash: ash measurement voltage (V) 
Vbackground : ray-free voltage (V) 

: logarithmic ratio of voltage

The X-ray tube voltage and current for the quantitative 
determination of paper ash content using the continuous 
X-ray method were set to 10 kV and 0.28 mA, respectively. 
The Vbackground was 0.003 V. The experimental environment 
was maintained at a temperature of 22°C and 66.25% rela-
tive humidity (RH). The X-ray incident air distance and the 
transmitted air distance were both 1 cm. The paper samples 
with different ash content of CaCO3 and kaolin fillers used 

5. Intensity attenuation of X-rays through CaCO3-filled paper.
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in the experiment were obtained from the Key Laboratory 
of Pulp and Paper Engineering at Shaanxi University of Sci-
ence and Technology. The ash content was measured using 
the Burning method, and the mass attenuation coefficient 
(μ/ρ) was determined by XRD as the true value. The ash 
content, mass attenuation coefficients, density, and thick-
ness of the samples are shown in Table II.

The previous data are brought into the paper ash model 
constructed in this paper to calculate the energy intensity 
before and after X-ray transmission, so as to calculate the 
mass attenuation coefficient μ/ρ measured by the model, 
and at the same time, the experimental method is used to 
measure the logarithmic ratio of the voltage and to calcu-

late the mass attenuation coefficient of the paper, μ/ρ. The 
results of the simulation calculations are compared with 
the results of the experimental measurements, as shown 
in Table III.

The logarithmic ratio of the intensity before and after 
the energy attenuation of the rays obtained from the simu-
lation was calculated, as well as the logarithmic ratio of 
the voltage obtained from the continuous X-ray method 
for quantitative paper ash content measurement. Both of 
these are representations of the energy attenuation occur-
ring as X-rays pass through the paper sample, i.e., the rate 
of energy change before and after X-ray transmission 
through the paper. Therefore, they can serve as a basis for 

Sample

Experimentally 
Derived Mass 
Attenuation 
Coefficients 

(μs/ρ), 
cm²/g

Experimental Error, 
%

Model Calculated 
Measured Mass 

Attenuation 
Coefficients  

(μe/ρ),  
cm²/g

Simulation Error,  
%

1 0.1078 1.91 0.1069 1.06

2 0.1064 2.71 0.1053 1.65

3 0.1128 2.17 0.1119 1.36

4 0.1119 2.73 0.1108 1.72

5 0.0555 1.83 0.0550 0.92

6 0.0661 2.32 0.0653 1.08

7 0.0730 2.10 0.0723 1.12

8 0.0767 1.92 0.0762 1.21

CaCO3 Paper Sample Thickness (t),  
cm

Density (ρ), 
g/cm3

Mass Attenuation 
Coefficient (μ/ρ),  

cm²/g

Total Ash  
%

1 0.0080 0.7955 0.1058 13.7

2 0.0081 0.7825 0.1036 12.2

3 0.0077 0.8162 0.1104 14.9

4 0.0082 0.8209 0.1089 14.5

Kaolin Paper Sample
Thickness (t),  

cm
Density (ρ),  

g/cm3

Mass Attenuation 
Coefficient (μ/ρ), 

cm²/g

Total Ash  
%

5 0.0080 1.3692 0.0545 5.1

6 0.0082 1.3962 0.0646 15.8

7 0.0080 1.4301 0.0715 22.9

8 0.0079 1.4479 0.0753 27.8

II. Parameters of different paper specimens.

III. Comparison of mass attenuation coefficients between the present model and experimental measurements.
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verifying the similarity between the model and the exper-
iment. The measurement data of the CaCO3 paper sample 
were used for comparison, and the comparison results are 
shown in Fig. 6.

The experimental results show that the simulation 
method proposed in this study is in good agreement with 
the quantitative paper ash content measurements ob-
tained using continuous X-ray measurements. The energy 
logarithmic ratio calculated by the simulation method is 
slightly smaller than the voltage logarithmic ratio ob-
tained from experimental measurements, indicating that 
the rate of energy change after X-ray transmission 
through the paper is higher in the experimental measure-
ments than in the simulation. This discrepancy is attrib-
uted to the influence of environmental factors, equipment 
operating conditions, and the experimental process on 
the measured results. The model’s calculated results are 
closer to the true values, with an error of approximately 
1% compared to the experimental measurements. This 
further demonstrates that the simulation model proposed 
in this study can effectively calculate the mass attenua-
tion coefficient of the sample to be tested.

By inputting the experimental data into the model, 
the energy intensity change data before and after X-ray 
transmission through the paper is obtained. Using Eq. 
10, the logarithmic ratio of energy intensity is found to 
be linearly related to the material’s mass attenuation co-
efficient. Assuming the paper composition consists of 
fibers and ash content, mathematical models for the 
paper, fiber, and ash are established separately. By solv-
ing these models simultaneously, the relationship be-
tween the energy intensity logarithmic ratio and the 
mass attenuation coefficient for ash content in the paper 

is obtained. The mathematical model is as follows:

(12)

where:
(μ1/ρ): mass attenuation coefficient of ash to X-ray (cm²/g)
(μ2/ρ): mass attenuation coefficient of fiber to X-ray (cm²/g)
x: mass per unit area of paper (g/cm²)
x1: mass per unit area of ash (g/cm²)

In the same batch of paper, (μ1/ρ) and (μ2/ρ) are con-
stants, and x can be simply measured. By calculating the 
energy intensity logarithmic ratio using the model pro-
posed in this study, polynomial fitting is applied to the re-
lationship between the energy intensity logarithmic ratio 
and the mass attenuation coefficient. Substituting the re-
sults into Eq. 12 allows for the calculation of the ash content 
per unit area of the paper. By inputting the experimental 
measurement data into the model, this provides theoretical 
guidance for continuous X-ray measurement of quantitative 
paper ash content.

CONCLUSION
This study uses COMSOL software to establish an X-ray 
energy model for measuring paper ash content, examin-
ing the intensity attenuation of X-rays with an energy of 
10 keV through four different material models: CaCO3, 
TiO2, wood plant fibers, and CaCO3-filled paper samples. 
The model’s accuracy is verified through theoretical anal-
ysis and experimental comparison. The simulation results 
show that the intensity attenuation of the CaCO3-filled 
paper model aligns with experimental observations. The 
addition of fillers to the paper changes its density, light 
transmission, and other physical properties, validating 
the feasibility of using continuous X-rays to measure 
paper ash content and providing a deeper understanding 
of the energy conversion process of X-rays in paper.

Using the continuous X-ray method and the proposed 
model, the mass attenuation coefficients of paper samples 
with different ash contents of CaCO3 and kaolin fillers 
were measured and calculated. At the same time, the ex-
perimental voltage logarithmic ratio was compared with 
the simulated energy intensity logarithmic ratio. The ex-
perimental results indicate that the energy model pro-
posed for X-ray measurement of paper ash content can not 
only effectively measure the mass attenuation coefficient 
but it can also calculate the paper ash content. By input-
ting the data into the model to recalculate the attenuation 
coefficient and incorporating it into the experimental cal-
culations, the model reduced the measurement error by 
1%, significantly improving the reliability and accuracy of 
the measurements. TJ

6. Logarithmic ratio of energy intensity vs. logarithmic ratio of 
voltage.
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ABOUT THE AUTHORS
The existing methods for measuring paper ash con-
tent require significant human and material resourc-
es. Therefore, we approached these experiments 
from a simulation perspective, aiming to improve 
measurement accuracy while reducing costs. This 
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