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Nonlinear modeling of batch
digester discharge dynamics with
rheology-driven hydraulic transport
and drainability coupling
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ABSTRACT: Batch digester blowdown constitutes a strongly nonlinear transient transport process governed by
the coupled evolution of pulp consistency, slurry density, hydraulic resistance, liquid inventory, and discharge line
dynamics. A control-oriented nonlinear formulation is developed by coupling dry fiber and free liquor mass balances
with phase volume reconstruction, consistency-dependent hydraulic resistance, channeling and drainability effects,
and a power law head flow relationship derived within a lumped hydraulic inertance framework. A fixed-gain PI con-

troller obtained from local linearization is employed as the conventional benchmark, whereas an integral sliding
mode controller (SMC) explicitly compensates the nonlinear time-varying hydraulic structure and bounded

disturbances.

Both strategies are evaluated under identical actuator constraints and sequential perturbations involving oppos-
ing head, hydraulic resistance, channeling, drainability, and dilution. Numerical results demonstrate lower root-
mean-square error, integral absolute error, and peak flow-tracking error for the SMC, with rapid recovery toward the
prescribed sliding boundary layer and improved robustness to variations in the nonlinear flow exponent n.
Cumulative electrical energy and batch-specific specific energy consumption remain comparatively similar, indicat-
ing that the principal SMC benefit is enhanced hydraulic regulation rather than substantial batch energy reduction.
Specific energy consumption is an established metric for energetic assessment of slurry transport. Model-based
hydraulic demand, electrical power, and sliding manifold surfaces further characterize the nonlinear operating
domain. The resulting framework provides a computational proof-of-concept for modeling and control of transient

batch digester discharge systems.

Application: The proposed model provides a simulation-based framework for evaluating batch digester dis-
charge hydraulics and flow control performance under time-varying slurry conditions. It can support future plant-
specific controller tuning, disturbance analysis, and experimental validation.

interaction of chemical reactions, heat transfer, mul-

tiphase flow, nonlinear rheology, and hydraulic
transport. Among its operating stages, the discharge (blow-
down) of a batch digester is one of the most critical tran-
sient operations since it governs the evacuation of concen-
trated pulp slurry and black liquor through a highly
nonlinear hydraulic system. Its dynamic behavior directly
influences production continuity, downstream washing ef-
ficiency, equipment loading, energy consumption, and
overall plant productivity [1-8].

Unlike conventional hydraulic systems, concentrated
pulp suspensions exhibit yield stress, shear-thinning be-
havior, evolving permeability, and consistency-dependent
hydraulic resistance [9-13]. During blowdown, these prop-
erties continuously evolve as the fiber network restructures
and dilution progresses, producing strongly nonlinear and
time-varying discharge dynamics. Additional phenomena,

T he kraft pulping process involves the simultaneous

including channeling, drainability degradation, slurry den-
sity variation, and liquor redistribution, further modify the
effective hydraulic resistance throughout the discharge pro-
cess [6,10,14-16).

Several studies have investigated pulp-processing op-
erations, including filtration, dewatering, slurry transport,
and continuous digesters [3,4,17-20]. Although recent non-
linear models incorporating rheological effects have im-
proved the prediction of pulp transport behavior [8,13,18,21],
most existing approaches remain focused on steady-state
conditions or simplified hydraulic representations. Conse-
quently, the coupled effects of rheology, hydraulic resis-
tance, slurry consistency, channeling, and drainability dur-
ing transient batch digester discharge remain insufficiently
represented [8,12,18,22].

The associated control problem is equally challenging.
Conventional proportional-integral/proportional-integral-
derivative (PI/PID) controllers remain the industrial stan-
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dard because of their simplicity; however, they are typically
tuned around nominal operating conditions and often ex-
perience performance degradation when confronted with
hard nonlinearities, large parameter variations, and hydrau-
lic disturbances [23-206]. In contrast, sliding mode control
(SMO) has demonstrated excellent robustness against non-
linear dynamics, uncertain parameters, and external distur-
bances in a wide range of industrial applications [27-31].
Nevertheless, its application to batch digester discharge,
coupled with a comprehensive nonlinear hydraulic-rheolog-
ical model, has received limited attention.

This work addresses this gap by developing a unified
nonlinear framework for batch digester discharge that com-
bines coupled mass balances, nonlinear hydraulic transport,
consistency-dependent rheology, slurry density evolution,
channeling, drainability, dilution effects, and time-varying
hydraulic resistance. Based on this model, a conventional
fixed-gain PI controller is implemented as the industrial
benchmark, while a robust SMC is proposed for discharge
flow regulation under nonlinear operating conditions.

To provide a comprehensive assessment, the study also
introduces hydraulic performance indicators, efficiency
maps, and nonlinear operating surfaces, including sliding
manifold representations, allowing detailed evaluation of
tracking performance, hydraulic effort, and robustness
throughout the complete blowdown process.

The principal contributions of this work are:

1. Development of a comprehensive nonlinear hydraulic-
rheological model for batch digester discharge incor-
porating consistency-dependent transport, slurry den-
sity evolution, and time-varying hydraulic resistance.

2. Integration of industrial disturbances, including chan-
neling, dilution, and evolving rheological properties.

3. Systematic comparison between a conventional PI
controller and a robust SMC under identical nonlinear
operating conditions.

4. Introduction of hydraulic-performance indicators, ef-
ficiency maps, and sliding-manifold surfaces for com-
prehensive controller evaluation.

5. Demonstration that the proposed SMC significantly
improves discharge-flow regulation and robustness
compared with conventional PI control under nonlin-
ear operating conditions.

The remainder of this paper covers the following topics:
description of the batch digester discharge process; devel-
opment of the nonlinear mathematical model; presentation
of the hydraulic-performance formulation and energetic
efficiency expressions; introduction to the PI and SMC; dis-
cussion of simulation results and comparative analysis; and
key conclusions.

PROCESS DESCRIPTION

Figure 1 illustrates the batch digester discharge system
considered in this study. This process involves the blow-
down stage of a kraft batch digester, during which the
cooked pulp suspension and entrapped black liquor are
discharged from the pressurized vessel via the blow line
towards the downstream blow tank. This operation is per-
formed after the cooking cycle has finished in order to
transfer the digester contents to the subsequent washing
and separation processes [1-4].

At the beginning of the discharge operation, the digest-
er contains a heterogeneous suspension composed of cel-
lulose fibers, cooking liquor, dissolved lignin, and other
reaction products generated during kraft pulping. As
shown in Fig. 1, the suspension leaves the digester through
the discharge line under the action of the available hydrau-
lic head and is conveyed to the blow tank. During this
transient process, both the amount of pulp remaining in-
side the digester and the free liquor inventory continu-
ously decrease, producing simultaneous variations in slur-

Free-liquor
outlet
fu(®)
[m?/s]
pa(t)
[kg/m®]

Pulp slurry
discharge flow
a,(t)

[m3/s]

Dilution-liquor
inlet
fin(®)
[m®/s]
———=P
Pin(t)
[kg/m?)

Slurry
(fibers + liquor)

Ms(t)s Mfl(t)

Pump subsystem

Generated head

| Pressure

Hydraulic pipeline
(nonlinear transport)
P(t) I

L [Pa] Flow .
Al a(t)

{ [m*/s)

Hy (1)

Static head
(density-dependent)

Hicaie(t)

Blow tank

MO kel |
My (£) [kl
o) [
Pruc(®) Deg/m?]
Batch digester | e ] |

1. Physical representation of the nonlinear batch digester discharge system, including the dilution liquor inlet, free liquor extraction,
pulp slurry transport line, pump subsystem, and blow tank hydraulic discharge configuration.
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ry consistency, suspension density, and liquid level [5-8].

The principal process variables considered throughout
this study are also summarized in Fig. 1. The dry fiber mass
inside the digester is represented by M (f), whereas M ®
denotes the free liquor mass. These variables determine the
instantaneous pulp consistency, C(#), and the correspond-
ing mixture density, 9,,;, (0. The discharge flow rate is de-
noted by g,(®), while g,’@® represents its reference value.
The available hydraulic head generated by the pumping
system is represented by H,(#), which provides the driving
force required to transport the pulp suspension through
the discharge line.

The discharge system also incorporates a dilution li-
quor inlet, f; (), and a free liquor outlet, f(®, allowing
the hydraulic conditions inside the digester to evolve dur-
ing blowdown. As the discharge progresses, the liquid
level decreases continuously until the digester approach-
es its minimum operating inventory, completing the
transfer of pulp suspension to the downstream process
units [3,5,8].

The process considered in this study is represented as
a lumped parameter hydraulic system, where the principal
dynamic variables correspond to the inventories of dry fi-
bers and free liquor inside the digester, together with the
discharge flow and the hydraulic head supplied by the
pumping system. These variables provide the physical
basis for the nonlinear dynamic model developed in the
following section.

SYSTEM MODELING

The model is developed from mass conservation, vol-
ume reconstruction, consistency-dependent resistance, and
a nonlinear pressure—flow relation according Fig. 1. Similar
lumped and nonlinear formulations have been employed
in pulp transport and digester modeling studies [1,32-39].

The principal dynamic states are M (®) [kgl, M (® [kgl,
and g,(® [m3/s]. The C@) [-], 0,,;,(® [kg/m?3], occupied volume
V(® [m3], and equivalent slurry level h(# [m] are algebra-
ically reconstructed from the instantaneous states.

Slurry consistency
Pulp consistency is a fundamental variable for characteriz-
ing fiber suspensions and their transport behavior. In the
present lumped parameter formulation, the digester con-
tents are represented by M () and M (®. This representation
provides a direct connection between the evolving material
inventory and the consistency of the discharged pulp sus-
pension. The relevance of fiber concentration to pulp sus-
pension hydrodynamics is well established, since increasing
fiber concentration promotes fiber—fiber interactions, floc-
culation, and changes in the resulting flow regime [7].

Accordingly, the total modeled slurry mass is defined as

Mod) = M(D) + Ma(2), (1)
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where M,
digester.

The instantaneous pulp consistency is then expressed
on a mass basis as the ratio between the M) and M, (®),

L MGQ)
€@ _Adtot(f) te @

(® [kg] is the total slurry mass contained in the

Substitution of Eq. 1 into Eq. 2 gives Eq. 3 and therefore
under physically admissible conditions, 0 < C(#) 1. Equation
3 provides the instantaneous coupling between M (#) and
My (® during blowdown.

M,(D

M,(D) + My(?) + ¢ 3

c() =
The parameter ¢ [kg] is a small positive numerical regular-
ization constant introduced exclusively to prevent an ill-
conditioned division as M (#) + My(H) — 0, and it is selected
such that &€ << M (®) + My(®. Consequently, any difference
between their respective depletion rates produces a corre-
sponding variation in C(®. This feature becomes particu-
larly important in the subsequent hydraulic formulation
since the transport characteristics of pulp suspensions are
strongly dependent on fiber concentration [7].

Phase volumes and digester level
The volumetric reconstruction of the digester inventory is
obtained by considering the free liquor and fiber-contain-
ing phases separately. Consequently, the occupied volume
cannot be represented solely from the free liquid inventory.
Such liquid-solid descriptions are consistent with the mul-
tiphase representation commonly adopted for pulp fiber
suspensions [7].

For the free liquor phase, the instantaneous density is
defined as

aﬂ(f):Mﬂ—® 4

()’
where 0,(®) [kg/m3] is the free liquor density and V(¥ [m3]
is the corresponding occupied volume. Rearranging Eq. 4
gives

val) = 25 )
which provides the instantaneous volumetric contribution
of the free liquor inventory.

The fiber-containing phase requires an additional cor-
rection since pulp fibers retain liquid within and around
their porous structure. Let w(@) [-] represent the effective
fraction of fiber-associated liquid within the wet fiber
phase. The dry solid fraction of this phase is consequently
1-w(. The dry fiber inventory can therefore be related to
its effective occupied volume through

M) = 0.0-(1 ~ 2} 10, ©)
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where V(9 [m3] denotes the effective volume associated
with the fiber phase and o (9 [kg/m3] is the effective dry
fiber density. Solving Eq. 6 for V() gives

l/s (1‘) - M,(D

e 7
0,()-(1-n()) 7

with the physically admissible condition 0 < w(#) < 1. Here,
w(® should be interpreted strictly as an effective volumetric
swelling/packing parameter accounting for the additional
volume associated with the wet fiber structure. It does not
constitute a third independently conserved liquid mass in-
ventory; the dynamic mass inventories remain M,(#) and
My (®. The condition 0 < w(#) < 1 guarantees a finite positive
effective fiber phase volume [7].

Assuming additive effective phase volumes, the total oc-
cupied volume becomes

V) = @) + V-0, ®)
and substitution of Eq. 5 and Eq. 7 yields

M,(?)

YO 0@ 0] v

For the control-oriented model, the digester is repre-
sented by an equivalent cylindrical vessel of internal diam-
eter, Dd [m)]. Its effective cross-sectional area is

Ay = =D, (10)

4

with A, expressed in m?. Under the lumped volume ap-
proximation, the instantaneous occupied volume is related
to the equivalent slurry level according to

() = Axh(d), an

where h(®) [m] represents the equivalent slurry level. There-
fore,

12)

) 1 <Mﬂ ) M. (D )

_Vo .
e 0

Thus, h(9) is not introduced as an independent dynamic
state; rather, it is algebraically reconstructed from the in-
stantaneous material inventories. As M (#) and My(® de-
crease during blowdown, the occupied volume and there-
fore the available hydrostatic column also evolve. This
coupling is important since h(#) subsequently contributes
to the hydraulic head available for digester discharge.

Effective slurry density
The instantaneous slurry density is reconstructed from the
total modeled mass divided by the corresponding occupied
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volume. For the two-phase representation adopted here,
the total mass is described in Eq. 1, while the total occupied
volume follows Eq. 8. Accordingly, the effective mixture
density is defined as

_ M) + M)

_ M) + M) (13)
V() + 1.0

@)

grnix

where 0, (® is expressed in kg/m3. The term effective is
used since the pulp suspension is treated as a macroscopi-
cally homogeneous equivalent mixture rather than resolv-
ing the local spatial distribution of individual fibers and
liquor [7].

Substituting Eq. 5 and Eq. 7 into Eq. 13 gives

. My + M,(D
- My() M@®
0, gs(i,‘)-(1—ﬁ'(1f))

pmix (f)

(14)

which explicitly couples the effective mixture density to the
evolving fiber and free liquor inventories.

During the final stage of the numerical blowdown simu-
lation, M () — 0, My(®) — 0, and consequently V() — 0.
Equation 14 may therefore become numerically ill-condi-
tioned even though the physical simulation is simply ap-
proaching an empty digester condition. To avoid division
by a vanishingly small occupied volume, a positive volu-
metric regularization parameter, ¢, [m3], is introduced,

Mg(d) + M,(D
ACHEAG '
0® o@Dy

0=

5)

gmix

where g, << V() over the physically relevant portion of the
discharge process. Therefore, ¢, does not materially modi-
fy the reconstructed slurry density during normal operation
and acts only as a numerical safeguard near the terminal
inventory condition.

Equation 15 is particularly important for the subse-
quent hydraulic formulation since g, ;x(#) connects the
evolving material inventory to both the transported fiber/
liquor mass flows and the hydraulic-head calculations.
The model therefore preserves the first-order influence
of changing slurry composition while avoiding the com-
putational complexity of a spatially distributed multi-
phase description.

Dry-fiber transport and mass balance
During the blowdown process, dry fibers are transported
out of the digester as part of the moving pulp-liquor sus-
pension. Within the lumped parameter formulation ad-
opted here, the discharged suspension is represented by
its bulk mixture density, instantaneous fiber mass fraction,
and volumetric discharge flow. This averaged description
neglects local fiber-concentration and velocity gradients



and therefore represents the fiber transport at the macro-
scopic control-volume level [7].

The instantaneous mass concentration of dry fibers in
the discharged suspension is obtained from the product
of the effective mixture density and the dry fiber mass
fraction,

(1) = omix(0)-C)

where ¢ (¥) [kg/m3] is the dry fiber mass concentration. The
dry fiber mass flow transported through the digester outlet
is then obtained from the general relationship between
mass concentration and volumetric flow,

VAUREGRAGR

where g,() [m3/s] is the volumetric discharge flow. Substi-
tution of Eq. 16 into Eq. 17 gives

SO = omix(D) C(D) 4o(0),

where /(9 [kg/s] represents the dry fiber mass flow leaving
the digester with the pulp suspension.

Equation 18 therefore establishes an important coupling
between the inventory model and the hydraulic model:
variations in g,(#) directly modify the rate at which dry fi-
bers are removed, while variations in C(¥) and g,,,, () mod-
ify the amount of dry fiber transported per unit volume of
discharged slurry. This coupling is particularly relevant for
pulp suspensions since fiber concentration and fiber—fiber
interactions strongly influence their multiphase transport
behavior [7].

Applying conservation of dry fiber mass to the digester
control volume gives the general accumulation equation

(16)

a7

(18)

dM,(7)

T S (19)

@=L,

where fi*(#) and f°*«(¥) [kg/s] denote the dry fiber inlet and
outlet mass-flow rates, respectively.

During the blowdown stage considered in this study, no
additional pulp fibers are introduced into the digester. Con-
sequently, fin(¥) = 0. Furthermore, the dry fiber outlet flow
corresponds to the transported fiber flow defined by Eq.
18, fou(®) = f,(H). Equation 19 therefore reduces to

dM(D)
dr

dM. (D)

- = P = = 0, (D C)q. ().

(20)

The negative sign indicates the monotonic depletion of
the dry fiber inventory during discharge whenever ¢, >
0. Thus, under the physically admissible conditions @,,;,(®
>0, C@®» — 0, and q,®» — 0, it follows that dM,(H/dt — 0
during the blowdown operation.

PROCESS CONTROL

Free liquor transport and mass balance
During blowdown, free liquor can leave the digester
through two physically distinct mechanisms. First, a frac-
tion of the liquor is conveyed with the discharged pulp
suspension through the blow line; this contribution is de-
noted by f;,® [kg/s]. Second, liquor may be removed
independently through the controlled extraction stream
Ju® [m3/s]. These terms must therefore be treated sepa-
rately in the free liquor inventory balance.

To account for the non-ideal transport characteristics of
the fiber-liquor system, f;,(® is subsequently corrected
through two dimensionless mechanisms representing
channeling and drainability.

Channeling is introduced to account for preferential flow
paths through the heterogeneous fiber network, whereas
the drainability contribution represents the reduction in li-
quor mobility associated with changes in fiber concentration
and network permeability. These mechanisms are incorpo-
rated as phenomenological correction factors rather than as
independently resolved spatial states, which preserves the
lumped and control-oriented nature of the model [40,41].

Since C(¥) represents the dry fiber mass fraction (consis-
tency), the complementary liquor mass fraction in the
lumped two-phase representation is
i) =1-CQ), @1
where /(®) [-] denotes the instantaneous liquor mass frac-
tion. Accordingly, 0 < C(» < 1 and 0 < /(®) < 1. The corre-
sponding liquor mass concentration transported by the
bulk slurry can then be approximated as

tiq(!) = Omix(D)h(D) = aiq((l) = omix())-(1 = C1D),

where ¢, (@ is expressed in kg/m?. Multiplication by the
volumetric pulp discharge flow g,(® gives the nominal li-
quor mass-flow rate (f,,°@),

(22)

Ji'(0) = aa0)gp() = fi’ (D= emix() (1 = D) 36(2).
(23)

Equation 23 represents the nominal case in which the li-
quor fraction is transported uniformly with the bulk pulp
flow. To account for deviations from this ideal transport
condition, a dimensionless channeling factor is introduced
directly into the model. The parameter & () represents the
fraction of the nominal liquor transport capacity that is ef-
fectively lost since part of the flow follows preferential
paths through the heterogeneous fiber network [40]. Ac-
cordingly, the effective channeling correction is defined as

7‘51,([) =1- /éch(l‘), (24)
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where kch(® [-] is the channeling factor. The admissible
range 0 < k(@ < 1 implies 0 < rch(® < 1. Thus, &,® = 0
represents the idealized absence of channeling, whereas
increasing k() progressively reduces the effective amount
of liquor transported with the bulk suspension.

A second correction is introduced to represent the evo-

lution of the effective drainability of the pulp fiber network.
In the present lumped formulation, drainability is associ-
ated with the capability of free liquor to migrate through
and leave the deformable fiber structure during blowdown.
As the local fiber concentration increases, the intercon-
nected network becomes progressively less permeable and
offers greater resistance to liquid transport [41]. A dimen-
sionless drainability factor is therefore defined as
ra(f) = 1= x()-C(0), (25)
where y,(® [-] is the drainability sensitivity coefficient. For
physical consistency, the parameters are constrained such
that 0 < 7y < 1 [41].

The actual free liquor mass flow transported with the
pulp suspension is consequently expressed as

Jiad) = fia @y rad) = fial) =

(1 = £a(D) (1 =3y COY 01 — COY gD,

Equation 26 constitutes a phenomenological phase partici-
pation closure. Consequently, the product 7, (9)-7,() modi-
fies the fraction of nominal liquor transport participating
in the bulk discharge and should not be interpreted as an
exact homogeneous no-slip phase flux relation.

The dynamic free liquor inventory follows from the mac-
roscopic conservation equation

duM, dMa() (0

e 27

AGES ORI NG

where all three terms on the right-hand side are mass-flow
rates [kg/s]. The dilution-liquor inflow is obtained from its
volumetric flow as

0°(0) = owfin(D),

where f,(® [m3/s] is the dilution-liquor volumetric flow and
0., @O [kg/m3] is its density. Similarly, the independently
extracted liquor mass flow is

S @ = o) /(D)

(28)

(29)

where gy [kg/m3] is the free liquor density and f;() [m3/s]
is the controlled free liquor extraction flow.

Substituting Eq. 28 and Eq. 29 into Eq. 27 gives the final
free liquor state equation,
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dMqy(2)

(30)
dr - pinj;n(f) - Qﬂfﬂ(l‘) _jiq(l‘).

Consistency-dependent hydraulic resistance
The hydraulic transport resistance of a pulp suspension
is strongly affected by fiber concentration since increas-
ing consistency intensifies fiber—fiber interactions, floc
formation, network strength, and frictional interaction
with the surrounding liquid and pipe wall. In addition, it
is known that pressure losses depend strongly on pulp
consistency, velocity, pipe diameter, and fiber character-
istics; in the plug-flow regime, consistency was reported
as one of the dominant variables governing the measured
pressure drop [15].

To express this dependence in dimensionless form, a
normalized consistency ratio is first introduced as

(€@ +¢ )
c

G = (€29

where C(0) [-] is the normalized consistency, C" [-] is a
prescribed reference consistency, and &, [-] is a small pos-
itive regularization parameter. In the present formulation,
C" is a constant reference value, rather than a time-depen-
dent state, and provides the operating condition relative
to which changes in hydraulic resistance are evaluated
[15,42].

For C(#) = C" and assuming ¢, << ", it follows that
C.() = 1. The effective hydraulic resistance is subsequently
represented through the empirical power-law relationship

C(f) + & > (32)

C.()=K-C<(N=C,0)= K( v

where C, (@ is the effective nonlinear hydraulic-resistance
coefficient, K" is its calibrated reference value, and o [-] is
the consistency sensitivity exponent. At the reference op-
erating condition, C(#) = C*, Eq. 32 reduces approximately
to C () = K. Therefore, K" can be interpreted as the nominal
hydraulic resistance coefficient associated with the refer-
ence consistency [15,42].

The exponent o determines how rapidly the hydraulic
resistance changes as the pulp consistency departs from its
reference value. For example, o, = 0 would produce a con-
sistency-independent resistance, C, () = K, whereas o, > 0
produces increasing resistance as C(#) increases [15,42]. The
sensitivity can be seen directly by differentiating Eq. 32.
Neglecting the small regularization term for interpretation,

aniy () a0 i\«
X ( e ) NK'(C‘) - (c@))’ (33)




and then taking logarithms from Eq. 33 and solving for o
gives

In C"—gf)
( é?)) : (34)
C

ac=
In (

which provides a convenient interpretation of a.: it is the
logarithmic sensitivity of hydraulic resistance to changes in
pulp consistency. Thus, larger values of o, represent stron-
ger hydraulic sensitivity to changes in fiber concentration.

Static hydraulic contribution
Changes in slurry composition during blowdown modify
the effective mixture density and, consequently, the pres-
sure associated with a given fluid column. In the present
lumped formulation, this density-dependent contribution
is incorporated through an equivalent static hydraulic head.
Such coupling is relevant in slurry-transport systems since
variations in solids content, density, viscosity, and elevation
affect the pressure distribution and hydraulic requirements
of the pipeline system [43].

For a homogeneous fluid column of effective height z_; [ml],
the hydrostatic pressure contribution can be written as [44,45]
Apstadc([) . ank(bg'fZet'f, (35)
where Ap...(® [Pa] is the equivalent hydrostatic pressure
difference, and g [m/s?] is the gravitational acceleration.

If this pressure contribution is expressed as an equiv-
alent hydraulic head referred to a nominal density
0" [kg/m3], then

Ay (D)
o) = 2 (36)
Lo
Substitution of Eq. 35 into Eq. 36 gives
pmix (f) K
Hiie(l) = RS (37)
Defining the lumped coefficient
Reff
Kstatic S (38)

the density-dependent contribution can be expressed in the
compact control-oriented form

Hstatic([) = Kstaﬁc'g(m([), (39)

where H_,,.(® [m] represents the equivalent static hydraulic
contribution and K. is an effective density-to-head coef-
ficient [46,47].

Equation 39 is a lumped density-dependent static-head
representation. Here, 2, may be calibrated for the particu-
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lar digester blow line geometry. Accordingly, Eq. 38 com-
bines the effective elevation with the selected reference-
density normalization. Additional dynamic or unresolved
hydraulic losses are represented separately through the
disturbance-head term introduced subsequently.

Available hydraulic head
The discharge flow is driven by the net hydraulic energy
available between the digester and the downstream dis-
charge line. In the present lumped formulation, this avail-
able head results from the combined contribution of the
pump-generated head and the hydrostatic level of the slur-
ry remaining inside the digester, reduced by the equivalent
static hydraulic contribution introduced previously. This
type of head decomposition is consistent with dynamic
slurry pipeline formulations in which pressure, elevation,
density, and hydraulic losses jointly determine the instan-
taneous transport conditions [43].

The total driving head can therefore be written in gen-
eral form as
Hi(d) = Hasving(?) = Hopposing(7)- (40)

For the present system, the driving contribution consists
of the pump head and the instantaneous slurry level,
Hasue() = Ho) + H(0), @1
where H(#) [m] is the hydraulic head supplied by the pump-
ing system. In addition, r,() = ‘”-";t(/) () is the level head [ml].
The opposing contribution is represented by the density-
dependent static term,

Hopposing([) = Hstatic(/)- (42)

Substitution of Eq. 41 and Eq. 42 into Eq. 40 yields

HAV(’) = HO(f) + gm;;*(f)/?(f)

S H ) (43)

where H, () [m] denotes the net hydraulic head available
to drive the pulp suspension through the blow line [47].

The sign convention adopted in Eq. 43 has a direct phys-
ical interpretation. The terms H () and h(#) appear with
positive signs since both contribute hydraulic energy to the
discharge process. In contrast, H, (9 is subtracted since
it represents an equivalent hydraulic requirement that must
be overcome before the remaining head can be converted
into discharge flow.

In addition, Eq. 43 also establishes an additional nonlin-
ear coupling between the material inventories and the
hydraulic subsystem. Since h(®) = f(M(D), M,®), and
H,,.®=g0,.,®), with o, (O = IM,®, M(®), the available
hydraulic head can be written more generally as H, (#)
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= r(H,®), M0, My®). Also, f(), gO, I(), and r() are
mathematical functions.

Therefore, even for a constant pump command H(#), the
available head can vary continuously during blowdown as
the slurry inventories, level, and effective density evolve.
This coupling is one of the mechanisms responsible for the
time-varying nonlinear discharge behavior studied in the
subsequent hydraulic flow formulation.

For a more detailed industrial model, Eq. 43 could be
extended to include distributed frictional losses, fittings,
downstream backpressure, and additional disturbances,

H,(#) = Ho(D) + pm;ﬁ‘/’(") = Haic(D) = Hioss () = Hioa (D5 (44)

however, the compact form in Eq. 43 is retained here to
preserve the control-oriented nature of the proof-of-con-
cept model [47].

Nonlinear resistive head and equilibrium

discharge flow
The instantaneous discharge capacity of the blow line is
represented through a nonlinear relationship between the
available hydraulic head and the corresponding equilibri-
um volumetric flow. This formulation is motivated by the
behavior of shear-dependent fluids, for which the pressure
drop is generally not proportional to flow rate. For a pow-
er-law fluid [48,49],
7= K- y'”, (45)
where 7 [Pa] is the shear stress, K, [Pa-sn] is the rheological
consistency index, 7 [s™] is the shear rate, and 7 [] is the
flow-behavior index. Analytical pipe-flow solutions for this
constitutive model yield a pressure-drop relation of the
general form [48,49]

AP() = Ke 0'(),

where Q() [m3/s] is the volumetric flow rate and K, incor-
porates the rheological and geometric characteristics of the
conduit. In particular, Sochi [48] derived explicitly for lam-
inar flow of a power-law fluid through circular and axi-
symmetric tubes that the pressure drop is proportional to
the n-th power of the volumetric flow rate.

Expressing pressure difference as an equivalent hydrau-
lic head, similar to Eq. 306,

(46)

.
08

(47)

allows Eq. 46 to be rewritten in the control-oriented form

e rn ;
H (DY
,alg(t) - qp,alg(l) . ( C,(») ) )

HL() = G,

(48)
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where g, ,,,() [m3/s] is the instantaneous algebraic or equi-
librium discharge flow.

In the present lumped model, Eq. 48 should be inter-
preted as a reduced nonlinear hydraulic closure, rather than
as an exact spatially distributed pipe low solution. The de-
tailed effects of pipe geometry, fiber network resistance,
consistency, and unresolved hydraulic losses are incorpo-
rated into C, (9, while the exponent z determines the cur-
vature of the head-flow relationship. The power-law form
is nevertheless physically motivated by analytical non-New-
tonian pipe flow solutions in which pressure drop scales
as Q@ [48,49].

The physical interpretation of Eq. 48 is particularly im-
portant. For a fixed resistance C,®), g, ,,,() ®© H,/"(®),
whereas, for a fixed H,,®, g, ,,® © C,/(?). Consequently,
increasing H, () increases the discharge capacity, whereas
increasing the effective hydraulic resistance decreases it.
The parameter 7 controls the sensitivity of both relation-
ships. For n = 1, Eq. 48 reduces to the linear resistance law

H,.()

& ey

qp,ﬂlg

(49)
whereas 72 # 1 produces the nonlinear behavior required to
represent shear-dependent hydraulic transport.

For numerical implementation, two physically meaning-
ful lower bounds are introduced. First,

Hei(?) = max(H.(9), He), (50)

where H, > 0 [m] prevents evaluation of a fractional power
at a negative or vanishing hydraulic head. Second,

C‘n,eff(l‘) — max (C)(f) N C},l)m)), (5 1 )

where C, ,;, > 0 has the same engineering units as C,(9)
and avoids division by a vanishing resistance coefficient.
Therefore, considering Eq. 50 and Eq. 51, replacing them

into Eq. 48 gives,

max(H,,(9), H.) G2

qp’ﬂlg @ <maX(Cn (f),Cn,mm) + Scn> -

where &, is a small positive regularization term having the
same units as C (). Equation 52 is a numerically protected
algebraic flow expression.

Finally, g, ,,,(® should not be confused with the actual
measured discharge flow g,(». Equation 52 represents
the instantaneous hydraulic equilibrium flow that would
be obtained for the current values of H, (¥, C (»), and 7.
The actual flow approaches this equilibrium according
to the finite hydraulic dynamics introduced in the subse-
quent subsection.




Dynamic discharge flow response
The algebraic flow g, (@ defined previously represents the
instantaneous equilibrium discharge rate associated with the
current H, () and nonlinear transport resistance. However,
the actual discharge flow g,(® cannot change instanta-
neously since the slurry contained in the blow line pos-
sesses finite inertance. Accordingly, the dynamic flow equa-
tion is obtained from a lumped one-dimensional momentum
balance applied to an equivalent rigid slurry column.

The derivation assumes an effective pipe segment of
constant cross-sectional area A, [m?] and length L [m],
with the mixture density considered approximately uni-
form along the line over the hydraulic transient. This is
consistent with the rigid column approximation common-
ly employed for relatively slow hydraulic transients and
control-oriented simulations [50].

The volume of slurry contained in the effective dis-
charge line is

I/P — Ap'Leff, (53)
and its lumped mass is therefore
Mo(d) = pmix(i) V. (54)
For a uniform average axial velocity v,® [m/s],
7,
9, () = Ay, () = 5,() = e (55)
P
and, for constant 4,
di (D 1 dg (1) (56)
dr A, dr

Applying Newton’s second law to the equivalent slurry
column gives

=) (’) (57)

(Ap(z) - ApR(t))

where Ap(#) [Pa] is the net driving pressure difference and
Apr(® [Pa] is the resistive pressure loss.

Substitution of Eq. 54 and Eq. 56 into Eq. 57 and consid-
ering Eq. 53, yields

d
(4 = 4, (D) 4, = 20OV %0

R T = Mp(D) =

(58)
gmix(i‘)L dq ®

P a7

+ Ap (f)

which corresponds to the classical inertance resistance
structure used in lumped hydraulic models. Hydraulic in-
ertance proportional to 9-L/A and equations of the form

PROCESS CONTROL

1®-dO®/dt + R-Q(®) = Ap(D) are well established in lumped
hydraulic modeling [51]. The corresponding pressure form
hydraulic inertance is therefore

O D Lt

INGEE (59)

P

In the present model, 9, (® evolves with the slower inven-
tory dynamics. Equation 58 consequently assumes that its
variation during an individual hydraulic transient is suffi-
ciently slow that the additional momentum term associated
explicitly with do,;, (®/dt can be neglected. This approxi-
mation is consistent with the intended reduced order char-
acter of the model.

Since the static head model developed previously is ref-
erenced to the nominal density ¢", the driving and resistive
pressure differences are expressed using the same refer-
ence density head definition

() = Ap(f)
(60)
() = pR(f).
08

The use of a reference density equivalent or carrier fluid
equivalent head is consistent with slurry pipeline practice,
where pressure gradients and pump heads may be ex-
pressed relative to a specified carrier fluid or water column
reference [47].

Substitution of Eq. 60 into Eq. 58 gives

dg (1)

¢o-g Ho (D) = 1,(D)- + ¢ g Hr () =

(61)
dg (1)

H, () = + Hy(9);

thus, the corresponding head-domain hydraulic inertance
is
0] ( ) L

g'Ap

Iy() = (62)

Analytical power-law pipe flow solutions explicitly pro-
duce pressure drop relations proportional to Q,(®), thereby
providing the physical basis for the present reduced non-
linear resistance law [48]. For the blowdown direction g,
>0,
Hr(?) =

04" )- (63)

If flow reversal were to be admitted, the signed form

Ha() = GOt | )] (64)

SEPTEMBER 2026 | VOL. 25 NO. 9 | TAPPI JOURNAL 531



PROCESS CONTROL

can preserve the direction of the resistive contribution. In
the present blowdown application, however, the physically
admissible operating region is restricted to g,(® 2 0, and
Eq. 63 is therefore sufficient.

Substitution of Eq. 63 into Eq. 61 yields the nonlinear
lumped momentum equation,

dg, (1)
Ho () = I (D) P + GO =

dqp(l)_ 1
0]

(65)

(1.0 - 604 0)

Equation 65 is the nonlinear dynamic discharge flow
equation obtained directly from the reduced momentum
balance.

HYDRAULIC AND ENERGETIC

EFFICIENCY FORMULATION
The energetic performance of the batch digester discharge
process is evaluated from the hydraulic power required to
maintain slurry transport under the time-varying resistance,
density, consistency, and hydraulic head conditions devel-
oped previously. This distinction is relevant for slurry pipe-
lines, since transport energy and specific power consumption
depend strongly on the hydraulic resistance and transported
solids concentration; consequently, energetic performance
should be evaluated together with the evolving transport state
rather than from pump efficiency alone [52-54].

Since the hydraulic heads in the present formulation are
expressed with respect to the nominal reference density
o' [kg/m3], the instantaneous hydraulic power delivered by
the pumping subsystem is written as
Pi(t) = ¢"£9:() Ho(D), (66)
where P, () [W] is the hydraulic power transferred by the
pump. If the head were instead expressed directly in me-
ters of the instantaneous slurry, 0 would be replaced by
Omix(®. The conventional hydraulic power relation
P, (D = 0g0® - H(®) and the corresponding pump-efficien-
cy definition are well established in pump performance
analysis [54,55].

Introducing the pump and motor efficiencies, np(t) [-]
and n,,(® [-], respectively, the estimated electrical input
power becomes

Py(n) = n (2 ~02q,()H @) ©
P

ran B eEn

Nonlinear transport power
The nonlinear resistive head developed in the hydraulic
model is related to Eq. 63. The instantaneous hydraulic
power associated with overcoming this nonlinear slurry
transport resistance is therefore
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P 68

P(?) = 0"¢ 450 Hr(2). (68)
Substitution of Eq. 63 gives

Pr() = ¢"¢ G4 (D (69)

Equation 69 explicitly demonstrates the nonlinear en-
ergetic coupling of the process. Even for constant
C,®, Py® = q,"+'(®), whereas an increase in consistency
modifies C,(#) and therefore directly changes the hydraulic
power required to sustain a specified discharge flow. Ex-
perimental and analytical slurry pipeline studies similarly
show that pressure loss and specific energy consumption
(SEC) depend strongly on solids concentration and operat-
ing flow conditions [52-55].

Model-based hydraulic demand partition

To distinguish the energy required for effective slurry con-
veyance from other hydraulic requirements, define the aux-
iliary head as

Houw(?) = Heaie(7) + Hain(7), (70)
where H,, (9 [m] represents unresolved downstream, back-
pressure, or additional hydraulic loss contributions when
included in the simulation. The corresponding total hydrau-
lic requirement is
H.o(?) = Hr(?) + Huux(2)- (71)
The hydraulic transport-efficiency index is then defined

as the fraction of the hydraulic requirement associated di-
rectly with slurry conveyance,

X (D =

Ha() G4
(72)

@ 2O~ COr 0+ @

where ), (@ [-] is the resistive head fraction, representing the
fraction of the modeled hydraulic requirement associated
with nonlinear slurry transport resistance.

The corresponding overall transport indicator, including
nominal pump-motor conversion losses, is

1:(0) = 7p(0) 7ja(?) R (D)- (73)

For positive head contributions, 0 < z(® <1 and 0 < 17,
< 1. Importantly, 1,,( should be described as a model-
based transport efficiency indicator, not as a universal ther-
modynamic or exergy efficiency. It quantifies how the hy-
draulic demand is distributed between nonlinear slurry
conveyance and the additional static/disturbance require-
ments represented by the reduced order model [47,54,56,57].



Electrical energy and specific energy
consumption
For controller comparison, instantaneous efficiency alone
is insufficient since two controllers may achieve similar
tracking while requiring different hydraulic actuation. The
cumulative electrical energy consumed during a blowdown
operation is therefore

I3
Eel(]") :fpel(ﬁ)-dﬁ (74)
0

with E_ () expressed in J or, after conversion, kWh.

A particularly useful process-level metric is the electrical
energy consumed per unit dry fiber discharged, defined as
AM, = M(0) — M.(#), (75)
where AM, [kg] is the total dry fiber mass discharged dur-
ing the considered blowdown interval; M,(0) [kg] is the ini-
tial dry fiber mass contained in the digester at the begin-
ning of the discharge process, t = 0; M (tp) [kg] is the
remaining dry fiber mass in the digester at the final simu-
lation or discharge time 7; and ¢ [s] is the final time of the
analyzed blowdown process.

The SEC becomes

Eel(”‘f)

SEC, =—
s,batch ]\/[S (0) . Ms([f) >

(76)
with units J/kg of dry fiber, or conventionally kWh/t after
unit conversion. This batch-specific SEC is analogous to
conventional slurry transport SEC but is normalized here
by the total dry fiber mass discharged during the finite
blowdown interval. Specific energy consumption is widely
employed for energetic comparison of slurry pipeline op-
erating conditions, since it directly relates pumping energy
to the amount of transported solids [52-54,56].

Hydraulic-demand and power surfaces
The nonlinear formulation additionally permits construc-
tion of the efficiency maps used in the simulation analysis.
For a prescribed auxiliary head H, (®, Eq. 73 becomes
[47,58,59]

ux

GOq @)
Ca@Dq, (D) + Ha

Equation 77 defines the efficiency surface in the (¢,,
C, () operating plane and provides a compact visualization
of how hydraulic performance changes with discharge rate
and consistency-dependent resistance [47,58,59].

Likewise, at hydraulic equilibrium, the pump head re-
quired to sustain a specified operating point follows from
the head balance as

N (qp(f), Cn(t)) B L (77)

Hoeo)) = Ca(D)qe"(?) + Hans(?) — Flu(?). (78)
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Consistently with the reference-density convention (see
Eq. 41), the resulting electrical power surface is therefore

*
-0

29,
Z}(q@%@+mm—m)

(719)

Py (qp(f), Cn(zf)) -

Only physically feasible operating points satisfying 0 <
Hy,oo® < Hy,,,,, are retained in the efficiency and power
maps. These surfaces are model-based operating maps, not
experimentally-identified pump efficiency maps; their pur-
pose is to visualize the energetic consequences of the non-
linear hydraulic model and to compare the PI-controlled
and SMC-controlled trajectories across the same operating
domain.

CONTROL SYSTEM DESIGN

The control goal is to regulate the blow line discharge flow
q,® around a prescribed reference g,,’®, despite the time-
varying slurry consistency, density, hydraulic resistance,
digester level, and unmeasured hydraulic disturbances de-
veloped in the preceding model. A conventional fixed-gain
PI controller is retained as the linear benchmark, while a
nonlinear SMC, as shown in Fig. 2, is designed explicitly
from the hydraulic dynamics [60].

Control-oriented hydraulic model
Using the available-head definition developed previously
in Eq. 43,
H..(d) = Ho(?) + Hu(?) — Howic(?) — du(D), (80)
where H(#) [m], the hydraulic head supplied by the pump-
ing system, also plays the role of manipulated variable. In

addition, dy(® [m] represents unmodeled or external op-
posing head disturbances. Finally, Eq. 65 becomes [61]:

dg (1)
T = o (100 + 10 - 1) = GO0 - 4,0).
(81)
Here,
() L,
INOE g‘“{%’j >0 (82)

is the head-domain hydraulic inertance introduced in Eq.
62. Equation 81 makes explicit the control-relevant nonlin-
earities: I,() varies with slurry density; C, () varies with
consistency; and H,(#) and H_,, () vary as the digester in-
ventory evolves.

For both controllers, the flow-tracking error is defined
consistently as

() = ¢ () = (),

tatic

(83)

where g,"() [m?/s] is the desired blow line discharge flow.
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Supervisory Layer

SMC Controller

Dry-fiber 7 w idi itchi
r:\ass M (t) | T AT sliding surf?ce Switching ccntr:l S
> |
estimator | e (1) = q;(t) = q,(t) sq(t) = eg(t) + 4, f e,(7) dT Yo (t) = —kyrsat ( ) )
‘ 0 Pq(t)
Consistency G, |
—_
supervisor |
o CE?;wanlE:)t :o;trcl A o Bt Controlsum ’ r.:i:at_nraltli]on[t '
% = - physical limits; | =
Protection cmn (), g "+ I, q;:) Aq € *’(‘:;“ : e R A Hy (2) = sat (H ()3 Homin: Homax)
Bk T ® ‘ H q €q 0.c! louc(t); Homin, Homax
‘ Nonlinear Process Plant
O] Hydraulic algebraic relation (equilibrium flow)
P 1
discharge-flow p.alg Cp(t) +£
reference J

Pump / drive dynamics
(first-order)
1

Ho(t)

Flow dynamics (rigid-column model)
L1 Tr(® 4p(0) + Cal8) a5 () = Hay () = Haux () + dy (1)

(1) (measured flow)
—® ((t) (consistency)

(Actual head

Hieauie(t) (static head)

tyst+1 generated by

pump)

Mass balances & state reconstruction

Ms(D), Ma(8), C(B), pmix(8), R(D),

Hy(t), Hgtaric(t)

Disturbances

Ya(t). kea(t), ¥ (1), fia(0), fun(0), -
(rejection handled by SMC switching action)

e

2. Proposed sliding mode controller (SMC) architecture for nonlinear discharge flow regulation in the batch digester system,
including the supervisory layer, hydraulic actuator dynamics, nonlinear process model, and disturbance rejection structure.

Fixed-gain PI
A conventional PI controller is adopted as a transparent baseline
for comparison with the nonlinear SMC. The PI controller is de-
signed from a single local linearization of the nonlinear hydrau-
lic dynamics in Eq. 81, and its gains remain unchanged through-
out the complete blowdown. Thus, no nonlinear inverse
compensation, gain scheduling, adaptation, or direct use of the
time-varying resistance C,(#) is introduced into the benchmark.
This approach is consistent with conventional model-based PI
design, in which a reduced low-order representation of the
process is used to determine fixed controller parameters [62].
To develop the linearization of the model, the steady-
state variables are presented, consolidated into the nomi-
nal-point vector, P = (qp Cn In Hin Hisuaic Ho) where sym-
bolically P € {R®} [63]. At the nominal operating condition,
the discharge flow is assumed to be at hydraulic equilib-

dg, ()

_ =0, and, in the absence of the imposed distur-

—L
P

dr
bance d,(®, Eq. 81 gives

rium,

1
0= —-
Iy

o7 (84)

static

(Fio + P, — i

)

Therefore, and assuming that i # 0, the nominal pump
head required to sustain the operating point is
HO = Z‘naz - Hh + Hstatic‘ (85)

Equation 85 provides a physically meaningful value for
the controller bias. Accordingly, the PI bias is selected as
H,,,, = Ho. This choice prevents the integral action from

having to generate the complete nominal hydraulic require-
ment after controller initialization.
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Consider small perturbations around the nominal oper-
ating point [63],

g,(0) =g, +34,()
Hy(1) = Hy + 8H,(2)
C.(D)=C,+8C, (D
Hy (2) = Hy, + 8H, (1)

IIst;\tic(t) = I_I + 811, tatic (f)

static s

(86)

Starting from Eq. 81, the nonlinear resistive term is ex-
panded to first order around (gp Cn):

G (D =T + w09 (D + 73D, (87)

Substitution into Eq. 81, followed by cancellation of the
nominal equilibrium terms using Eq. 85, gives [63]

-

7
8g () + = 8Hy() = 23C,(1) + = -8H, (1) — = 8T, () —
P Iy Iy Iy In
%»sdﬂ(r).

N 7 =1
daqp(/) _ »C, 19

dr

(88)

This equation is useful since it explicitly shows which
nonlinear plant variations are excluded from the nominal
PI design but remain present in the nonlinear simulation.

A subtle point is also worth stating. Although I,,(?) is time
varying, its first-order perturbation does not appear explic-
itly in Eq. 88 when linearization is performed exactly at
hydraulic equilibrium. Indeed, for

o 4

@ (89)



where

F@) = Ho(?) + Hh(?) — Hewse(?) — Ca(d)g"(7) — du(D), (90)
the derivative with respect to I;(® is

of(H) F()
() () oD

Since F®)| 5 = 0 it follows that

of)

- =0.

ol ©2)

Thus, changes in hydraulic inertance affect the full non-
linear process but do not enter the first-order nominal lin-
earization directly at the selected equilibrium.

For PI synthesis, the perturbations associated with con-
sistency, static head, level head, and external disturbances
are neglected in the nominal design model,

SCu(D) = d(?) = SHuice(?) = Oda(?) = 0. (93)
Equation 88 therefore reduces to
8dg (1)
L= — 4y8q (D) + by 8Ho(?) %94)
dr p
with
._ ._}’1_1
7 Cy 7,
ag — 7
e 95)
by = =—.
0 Tn

Since 7 > 0, Ca> 0, gp> 0, I > 0, it follows that a, > 0,
b, > 0, and the locally linearized hydraulic subsystem is
asymptotically stable [26].

Taking the Laplace transform (s-domain) of Eq. 94, as-
suming zero initial perturbation,

78Q5(5) = ~ardTp(s) + b8 Ho(s), (96)

and therefore

80y,
- 8H,y(s) Tos ay

Gy 97)

Equivalently,

% (98)

Gq(I) - ’Z'(]'J'+ 1’

where the definition for K and 1, is developed in

T

H
b 1 99)
K) === K): il

o ”‘Cn‘éip

Ty = ap= 79 =
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The nominal nonlinear hydraulic plant is therefore lo-
cally represented by a stable first-order model. Reduced
first-order models are widely used as the basis for analyti-
cally-derived PI tuning rules in industrial process control
[62].

An important limitation follows directly from Eq. 99. For
a shear-thinning exponent 0 < 7 < 1,

1
=1 _

gy
P qp

(100)

and the local model becomes increasingly sensitive as
qp — 0. Consequently, the PI controller is designed at a
nonzero representative blowdown operating point, rather
than near the terminal empty-digester condition.

Using the common tracking error described in Eq. 83,
the unconstrained PI command is defined as

Hopt"(9) = Huias + Kyreo(d) + x1() (101)
with

dxy (D)

- 0 (102)

where K, and K, are the proportional and integral gains,
respectively, and x,() [m] represents the integral contribu-
tion to the commanded hydraulic head.

In the perturbation domain, assuming to have a unitary-
feedback closed-control law, and according to Eq. 98, it fol-
lows

K
5H,(s) = (Kp + T) 3L (9), (103)

therefore, that the PI transfer function is [63,64]:

; s+ K
() =K, + o Co(y) = o . (104)
S S
Combining Eq. 97 and Eq. 104, the nominal closed-loop
characteristic equation follows from

1+ Cu(s) Gy(s) = 0. (105)
Therefore,
K,s+ K b 106
CE .
Ky §+ a
s+ ap) + by (K + K) = 0.
Hence [63,64],
&+ (a0 + boKy)s + b K = 0. (107)

The addition of integral action therefore increases the
nominal first-order process to a second-order closed-loop
system.
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Pole-placement design is a well-established approach for
PI/PID tuning when specified closed-loop transient char-
acteristics are desired [65]. A desired second-order polyno-
mial is selected as [63,64]:
£+ 26 wrs+ of =0, (108)
where £> 0 [-] is the desired damping ratio and w, > 0 [rad/s]

is the selected nominal closed-loop natural frequency. Also,
the coefficient matching between Eq. 107 and Eq. 108 yields

Kp _ 2'5(‘%1 — 4

a + byK, = 26, - b
{“ oK R 0 (109)

/7O'I<i = Wd @l

K==

0

Using Eq. 95,
{Kp o ﬁzﬂ%_l (110)
I<i = 6Uch.TH'

For a conventional positive PI gain, K, > 0 requires 2-Gw, > d,.
The selected w, should nevertheless remain compatible
with the available pump head range and with any neglect-
ed pump/drive dynamics.

Analytical PI tuning methods likewise emphasize the
trade-off between desired response speed, robustness, and
manipulated input activity [62].

The resulting nominal closed-loop transfer function is

80, (s) by (Kys + K;)
80, () T2+ (ap+ K, + beK

(111)

The integral term introduces infinite loop gain at zero fre-
quency, and therefore provides zero nominal steady-state
tracking error to a constant reference, provided that the
closed loop is stable and actuator saturation is inactive:
Once Eq. 110 is evaluated at (gp» Cn» Hnthe values of K,
and K; remain fixed, ie., K,() = K, and K@ = K,. The ac-
tual nonlinear simulation, however, continues to evolve ac-
cording to (C @), I,(), H,(®, H,,;.(®), Thus, the discrepancy
between the single nominal model used for PI synthesis
and the continuously changing nonlinear plant constitutes
part of the challenge imposed on the benchmark. This dis-
tinction is essential for a fair comparison with the SMC,
which explicitly uses the nonlinear hydraulic structure.
The pump cannot generate an arbitrarily large hydraulic
head. The unconstrained command in Eq. 101 is therefore
limited according to
Hop1(?) = satiomin; Ho,mag [Hopr"(7)]- (112)
Without additional compensation, continued integration
while H,, ,(® # H, »;"(®) can produce integrator windup, re-
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sulting in slower recovery and excessive transient response
after the actuator leaves saturation. Integrator windup and
anti-windup compensation for controllers subject to actua-
tor constraints are well established in the control literature
[63,66].

A back-calculation anti-windup term is therefore includ-
ed into Eq. 102, giving

dx
AL Koy + K (Ho,m(l‘) — Hipr (l‘)) 3

- (113)
dr

where K, > 0 [s7] is the anti-windup gain.
When the actuator is unsaturated, H, ,, () = H, ,,"(®,
Eqg. 113 reduces to conventional integral law, i.e.,

dx ()
ds

= K°eq(f) ; (114)

During saturation, however, the correction term drives
the controller integral state toward a value consistent with
the realizable pump head command. Back-calculation/con-
ditioning strategies of this general type are part of the es-
tablished anti-windup framework for linear controllers with
actuator nonlinearities [63].

Thus, the final fixed-gain is

() =q,(-q.()
Hypi(A) = Hy + Kyeq(A) + (9
Hypi(7) = Sy i Ho amas) [H(L;,Pl(f)]

dX]
dgt) B Ki'f?q(f) + Ky (HO,PI(f) i H&PI(I)) '

(115)

Nonlinear sliding-mode flow controller
The SMC is synthesized directly from the nonlinear hydrau-
lic dynamics developed in Eq. 81, thereby retaining the
time-varying hydraulic inertance, consistency-dependent
resistance, digester-level contribution, and density-depen-
dent static head in the control law. Sliding mode control is
well suited to nonlinear time-varying systems subject to
bounded disturbances and parameter variations, and its
robustness has been demonstrated experimentally in non-
linear hydraulic systems [67].

For compactness, define the nonlinear hydraulic head
requirement as
¢(f) = Cn(f)'qp”(f) + Hsmric(f) - Hh(l), (116)
and therefore, the modified version of Eq. 81 may be Eq.
117. Using the common tracking-error definition in Eq. 83,
an integral-augmented sliding variable is selected as Eq.
118, where £ (® [m?] is the integral tracking-error state and
Ay > 0 [s7'] determines the error-convergence rate once slid-
ing motion is established:



dg ()
I, (9 = Hy(#) — () — dy (). (117)
54D = ¢(D + )Lq-éil(z‘)
dg (9
(it = ¢y(9. (118)

Integral sliding structures have been applied success-
fully to hydraulic systems subject to unknown disturbanc-
es and parameter uncertainty.

Differentiating Eq. 118 gives

O G
dz dr ds

+ Ageq (D). (119)

Substituting Eq. 117,

ds, () dg, ()
e ds

1
~ 1oy (o@D = 20 — du() + 4ge,(D.

(120)

For the nominal model, the unknown disturbance is ne-

glected only in the derivation of the equivalent control, i.e.,

dy(® = 0. Imposing the nominal sliding condition valid for
I, =0,

dy@ _ 94,00
dr ds

(Hy() = () = du(D) + AgegD.

Iy (f)
(121)
Using Eq. 116,

Hﬂ,eq (t) Cn(f) 9” (f) + H, static (f) - Hh(f) +

dg (9
— Ageq(@

Iy(2)
WL

(122)

This equation is important since it separates the control-
ler into physically interpretable contributions. The term
C,(0-q,"(® compensates the instantaneous nonlinear slurry
transport resistance and H,, () — H, () provides the hy-
draulic acceleration required to impose the desired tracking
dynamics.

For a constant or piecewise-constant discharge flow ref-
erence,

dg ()
d:

during the constant-reference portions of the blowdown
cycle, and therefore

(123)

PROCESS CONTROL

Hoeo) = Gty o' + Hunse) ~ Hi() + I(hhea(d).

(124)

For discontinuous changes in g,’(®), a filtered or rate-
limited command should be employed so that “‘1 ® remains
finite. Car

When the trajectory lies on the sliding manifold,

ds, (7
;3_5) =0, (125)
and from Eq. 119,
de,(2)
Z[ + At () = 0= () = eq(ts)-e‘*q'("’s), +> 1,
(126)

where 7, is the reaching time. Thus, 4, has a direct control
interpretation: increasing 4, increases the nominal conver-
gence rate of the flow tracking error after the sliding man-
ifold has been reached.

A robust switching contribution is added to compensate
for model uncertainty and external hydraulic disturbances:

q(/)
Hysnic () = Hyeq () + Ayyprsat é (127)

q

where k,; > 0 [m] is the robust switching head gain and
@,> 0 [m3/s] defines the boundary layer thickness.

The positive sign in front of the switching term is con-
sistent with the error convention in Eq. 83. For instance, if
qp(t) < qp*(t), then eq(t) > 0, normally sq(t) > 0, and the switch-
ing contribution increases H,(#), thereby increasing the hy-
draulic driving force and pushing g,,() toward its reference.

Replacing the ideal sign function by a continuous bound-
ary layer is a classical SMC technique for reducing chatter-
ing while retaining practical robustness [31].

For numerical implementation, the switching action may
alternatively be smoothed using

5,(Z )>
b,
The physical pump head command is then defined and
constrained by

Hisne () = Hoeq(?) + Ayrrtanh ( (128)

Hosme(?) = satizo minto,masg [ Hosmc" (7)) (129)

Let [,,(» and @, () denote the model quantities available
to the controller. Taking into account Eq. 116 and Eq. 122,
the implemented equivalent control is

*

Hyeq() = () + 1y (- + Ageg(D)

dz‘ (130)
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Define

dg (9

7p

v (9) = + gD (131)

Substituting Eq. 128 and Eq. 130 into Eq. 117, and after
some mathematical operations, yields:

ds, 54
% =Au() — kn'Sﬂt< ébt >,

9

In(d)-

(132)

where the equivalent matched hydraulic-head uncertainty is:

1D =(1 (D =141, +(2() = BD) + du(D.  (133)

Thus, Ay(») combines uncertainties arising from the slur-
ry-dependent hydraulic inertance, nonlinear resistance,
static and level head reconstruction, and unresolved exter-
nal hydraulic disturbances.

This treatment is aligned with hydraulic sliding mode
literature, where nonlinear parameter uncertainty, chang-
ing hydraulic properties, and external disturbances are ex-
plicitly addressed through robust or adaptive SMC terms
[68].

Assume that 0 < [, <

H,min = “H,max

Consider the Lyapunov candidate

and that |A;®| < A,®.

V() = 0.552(2). (134)
Its time derivative is ”T,(/) OE

ary layer, |s,®| >¢,, therefore sat (’q“) = sgn (s, (). Using

Eq. 132,

A, 5@
- o 135
P IH(f) (An(f) s ﬂ( q(f))> (135)
Since

5o Au(®) < ||| An@) | < Au(@- |50, (136)

it follows that:

dv() kyy = Ay (9)
» < - 0 -|:q(z)|. (137)
Therefore:

dr,(» k= Ay () ) (138)
dr = IH,max | :q (l) | .
A sufficient reaching condition is consequently:

En(d) > Ay () (139)

dl(z
Under this condition, ——, sq(t) <0, and the trajectory
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is driven toward the sliding manifold. This type of Lyapu-
nov-based robustness argument is standard in sliding mode
control and is also used in nonlinear hydraulic SMC formu-
lations with uncertain parameters [68,69].

Inside the boundary layer, |s,®| < ¢, and (4/))_"%4
Equation 132 becomes: = '
dsg (t) fyy
III(l)'# =AM - (d)q 54 (140)

At the limiting quasi-steady condition,
sidual sliding variable satisfies

n()

Il

440~ 0, the re-
7

l5,(9)] < (141)

This relation explicitly shows the boundary layer trade-
off: a smaller ¢, improves tracking precision but increases
switching activity, whereas a larger ¢, produces smoother
control action at the expense of a larger quasi-sliding neigh-
borhood. Classical sliding mode work identifies precisely
this compromise between robustness, tracking accuracy,
and chattering mitigation [67,69].

Pump actuation and terminal interlock
The controller design treats H(#) as the effective manip-
ulated variable at the hydraulic model interface. In an
actual variable-speed pumping installation, the physical
actuator would normally be the motor drive speed or fre-
quency, which modifies the pump head and consequent-
ly the delivered flow. Gibson [70] explicitly discusses
variable-speed centrifugal pumps as flow control ele-
ments and emphasizes the interaction between the pump
H-Q characteristic and the process characteristic.

Finite pump/drive response is represented by the re-
duced first-order actuator model

dHy ()
dz
where 7; > 0 [s] is the effective pump head response time

constant, and H,, (9 is generated by either the PI or SMC
controller.

(142)

+Hy(® = Hn,c(f),

T

For the SMC,

Hoo(?) = satpomintioms [Hosmc"(9)]. (143)

The Lyapunov reaching condition derived above as-
sumes that sufficient control authority is available. A useful
sufficient condition for avoiding saturation of the complete
switching contribution is therefore:

H),mm + /éH < I_I(),eq(l‘) < I_L),mz\x - /éH~ (144)

If this condition is violated, the physical actuator cannot



supply the full switching action, and the ideal reaching
condition cannot be guaranteed.

The theoretical derivation also treats the generated
pump head H,(® as the direct hydraulic input. When the
actuator dynamics in Eq. 142 are non-negligible, the mis-
match H_ () — Hy(® acts as an additional matched hydrau-
lic uncertainty. Consequently, the outer-loop SMC design
assumes that the pump/drive dynamics are sufficiently fast-
er than the dominant blow line dynamics, or that the result-
ing actuator error remains bounded within the uncertainty
margin used for selecting &y;.

Finally, when the remaining dry fiber mass, total slurry
inventory, or equivalent slurry level falls below its pre-
scribed minimum admissible threshold, the effective dis-
charge reference is set to zero, the pump command is re-
moved, and the controller integral states are frozen. This
terminal interlock prevents either controller from attempt-
ing to maintain a nonzero blowdown flow after the avail-
able slurry inventory has effectively been exhausted.

SIMULATION RESULTS
The complete nonlinear closed-loop model was simulated
for both the fixed-gain PI and SMC strategies under identi-
cal initial conditions, actuator constraints, reference trajec-

Parameter

Description

PROCESS CONTROL

tories, and disturbance sequences. The equations were
integrated using MATLAB odel5s (MathWorks; Natick, MA,
USA) with a relative tolerance of 10-¢, individual absolute
tolerances for the state variables, and a maximum integra-
tion step of 20 s. Table I summarizes the simulation pa-
rameters.

Figure 3 presents the direct PI-SMC comparison. Fig-
ure 3a shows the discharge-flow tracking responses, where
both controllers follow the prescribed reference. Figure 3b
presents the commanded and realized pump-head respons-
es, illustrating the hydraulic actuation required by each
controller. Figure 3¢ shows the imposed direct hydraulic
disturbances. Figure 3d presents the corresponding track-
ing error, where the SMC generally exhibits smaller excur-
sions following the imposed perturbations. Figure 3e shows
the pump/drive actuator mismatch, highlighting the effect
of the finite actuator dynamics. Finally, Fig. 3f presents the
transport and dilution disturbances, which are temporally
separated to allow their individual closed-loop effects to be
distinguished.

The evolution of the underlying nonlinear plant is shown
in Fig. 4. Dry fiber inventory decreases monotonically in
Fig. 4a, while the effective slurry density progressively
changes in Fig. 4b, producing the corresponding variation

05 Effective dry fiber density 1050 kg/ms3
O Free liquor density 1100 kg/m3
Dy Equivalent digester diameter 4.0 m
D, Blow line diameter 0.20 m
Log Effective hydraulic length 20 m
c Reference consistency 0.10 -
K* Reference hydraulic resistance 8.0 x 103 (m3/s)n
¢ Consistency resistance exponent 2.0 -

n Nominal nonlinear flow exponent 0.75 -
M;,(0) Initial dry fiber mass 2500 kg
M;(0) Initial free liquor mass 25000 kg

H,,max Maximum pump head 120 m

Ty Pump/drive time constant 300 s

q,” Principal discharge flow reference 2.4 x 103 m3/s

Aq Sliding-manifold gain 1.0 x 103 s

ky Robust SMC head gain 10 m

bq Boundary-layer thickness 1.0 x 104 m3/s

I. Simulation process variable.
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3. The proportional-integral (Pl) controller and SMC comparison for nonlinear batch digester discharge: (a) discharge-flow tracking,
(b) hydraulic actuation, (c) direct hydraulic disturbances, (d) tracking error, (e) pump/drive actuator mismatch, and (f) transport/
dilution disturbances.

Dry-fiber inventory 55 % 10* Free-liquor inventory 0 Pulp consistency
o0 2000 _ED .2 — My 50 —M G ® Y -
=, 1000 =15 =g
S 0 —M,_ () —M, O s 1 07 —Cqpic®
0 5000 10000 0 5000 10000 0 5000 10000
(a) (d) (9)
A Effective slurry density Equivalent digester level Consistency-dependent resistance
g) 1000 Prixpt® TP smc® vgvz 6000‘
ﬁ‘x 990 < | |—hy () —hg O ~ 5000‘_C 2O —Csmc®
E 980 : : e ~ 40000 " .
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(b)
— Hydraulic inertia Reference-density level head__ Static hydraulic contribution
g 65 [_IHPI(O —Thsmc® 'g‘ 2 — 8
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4. Evolution of the main nonlinear batch digester states and reconstructed hydraulic variables under Pl and SMC control:
(a) dry fiber inventory, (b) slurry density, (c) hydraulic inertance, (d) free liquor inventory, (e) digester level, (f) level head,
(g) pulp consistency, (h) consistency-dependent resistance, and (i) static hydraulic head.
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5. Nonlinear hydraulic behavior under Pl and SMC control: (a) SMC hydraulic head balance, (b) nonlinear resistive head, (c) dynamic
flow vs. instantaneous equilibrium flow, and (d) realized nonlinear head flow trajectories.

in hydraulic inertance shown in Fig. 4c. Free liquor deple-
tion is shown in Fig. 4d, together with the associated reduc-
tion in equivalent digester level in Fig. 4e and reference-
density level head in Fig. 4f. The resulting consistency
evolution in Fig. 4g modifies the nonlinear resistance C, (),
as observed in Fig. 4h, while the density dependence of the
static contribution appears in Fig. 4i. The close PI-SMC
overlap of these slowly varying states confirms that both
controllers are compared over essentially the same evolving
batch condition.

Figure 5 verifies the principal hydraulic relationships
developed in the “System Modeling” section. The SMC head
decomposition in Fig. 5a shows the instantaneous balance
between driving and opposing hydraulic contributions.
Figure 5b illustrates the strongly time-varying nonlinear
resistive head Hy() = C (D) - qpn(t). The comparison between
actual and instantaneous equilibrium flow in Fig. 5c dem-
onstrates the finite inertance-induced hydraulic response
predicted by Eq. 65, while the trajectories in Fig. 5d confirm
that the process continuously migrates through a nonlinear
(q,®, Hy(®) operating domain rather than remaining near
a single equilibrium point, even using PI and SMC.

The energetic response is summarized in Fig. 6. Electri-
cal input power is presented in Fig. 6a, and its integration
yields the cumulative electrical energy in Fig. 6b. The resis-
tive head fraction );(®) in Fig. 6¢ quantifies the partition of
the hydraulic requirement associated with nonlinear slurry
resistance, while Fig. 6d shows the corresponding transport
resistance power Py(#). The batch-specific dry fiber SEC is
reported in Fig. 6e. The model-based transport indicator in
Fig. 6f is used only as a reduced-order hydraulic perfor-

mance metric and is not interpreted as a thermodynamic
efficiency.

The disturbance sequence used for the robustness assess-
ment is detailed separately in Fig. 7. The additive opposing-
head pulse is shown in Fig. 7a, channeling variation in Fig.
7b, dilution-liquor pulse in Fig. 7c, unmodeled resistance
multiplier in Fig. 7d, and drainability perturbation in Fig. 7e.
Their corresponding channeling and drainability correction
factors are shown in Fig. 7f. The temporal separation between
disturbances provides sufficient recovery intervals to distin-
guish their individual closed-loop effects.

The nonlinear dependence of hydraulic performance on
qp(t) and C () is visualized in Fig. 8. The three-dimension-
al model-based transport indicator surface is shown in Fig.
8a, whereas Fig. 8b provides the corresponding two-dimen-
sional contour representation and superimposes the real-
ized PI and SMC trajectories.

The electrical energy requirement exhibits an even
stronger nonlinear dependence on operating point.
Figure 9a presents the model-based electrical power sur-
face, while Fig. 9b shows its two-dimensional contour to-
gether with both closed-loop trajectories. These plots dem-
onstrate that increasing flow and hydraulic resistance
progressively increases the required electrical power, while
the actual trajectories occupy only a restricted portion of
the feasible operating domain.

The internal behavior of the SMC is presented in
Fig. 10. The sliding variable in Fig. 10a repeatedly returns
toward the prescribed boundary layer after reference and
disturbance events. The (e,(®), §,®) trajectory in Fig. 10b
approaches the ideal manifold s () = 0, while the three-
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Hydraulic and energetic performance
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6. Energetic comparison of Pl and SMC operation: (a) electrical input power, (b) cumulative electrical energy, (c) resistive head
fraction, (d) nonlinear transport resistance power, (e) batch-specific dry fiber specific energy consumption (SEC), and (f) model-

based transport indicator.

Is Opposing-head disturbance Unmodeled resistance multiplier
E 1 _;1 02
,GIO.g mE
0 2000 4000 6000 8000 10000 12000 0 2000 4000 6000 8000 10000 12000
(a) (d)
Channeling disturbance 5 Drainability disturbance
=02 R
Sot o
0 2000 4000 6000 8000 10000 12000 0 2000 4000 6000 8000 10000 12000
(b) (e)
3 Dilution-liquor pulse 5] | Resulting transport factors
N T T T '05 T T T T T
Eoos & (]
. =
= Zos
[u— 0 L . L L N 4<—') 1 ) L . L
«5 0 2000 4000 6000 8000 10000 12000 g 0 2000 4000 6000 8000 10000 12000
Time [s] 3 Time [s]
(c) (f)

7. Applied disturbance profiles: (a) opposing head disturbance, (b) channeling disturbance, (c) dilution-liquor pulse, (d) unmodeled
resistance variation, (e) drainability disturbance, and (f) resulting transport correction factors.
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Prescribed map: H, = 7.91 m; model indicator only
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8 Model-based transport indicator maps: (a) three-dimensional surface as a function of discharge flow qE(t) and nonlinear
resistance C(t), and (b) corresponding 2-D contour map with the realized Pl and SMC operating trajectories.
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9. Model-based electrical power maps: (a) 3-D electrical power surface as a function of discharge flow qp(t) and nonlinear
resistance C(t), and (b) corresponding 2-D power contour with the realized Pl and SMC operating trajectories.

dimensional representation in Fig. 10c shows the realized
closed-loop trajectory relative to Eq. 118.

Accordingly, the numerical response is consistent with
practical boundary-layer sliding, rather than ideal discon-
tinuous sliding.

The normalized performance comparison in Fig. 11
confirms that the SMC provides lower root-mean-square
error (RMSE), integral absolute error (IAE), and maximum
tracking error than the fixed-gain PI. This improvement
is obtained at the expense of greater hydraulic head total
variation, whereas cumulative electrical energy and

batch-specific SEC remain comparatively similar. Thus,
the principal SMC advantage is improved tracking robust-
ness rather than a substantial reduction in total batch
energy.

Finally, robustness against rheological uncertainty is ex-
amined by varying the true nonlinear exponent n while
retaining the controllers designed at the nominal value.
Figure 12 shows the progressive influence of 7z on the
fixed-gain PI flow response. The quantitative comparison
in Fig. 13 shows the resulting RMSE in Fig. 13a, electrical
energy in Fig. 13b, the IAE in Fig. 13c, and batch-specific
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10. Sliding-mode behavior of the SMC: (a) sliding variable with boundary layer, (b) sliding phase-plane trajectory and ideal manifold
s,ft) = 0, and (c) three-dimensional sliding manifold with the realized closed-loap trajectory.
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11. Normalized PI-SMC performance and energetic comparison using root-mean-square error (RMSE), integral absolute error
(IAE), maximum tracking error, hydraulic head total variation, cumulative electrical energy, and batch-specific specific energy

consumption (SEC); lower values indicate better performance.

SEC in Fig. 13d. The SMC maintains lower tracking error
indices throughout the investigated 7-range, whereas the
differences in electrical energy and SEC remain small, dem-
onstrating that uncertainty in 7 primarily affects regulation
quality rather than the overall energy requirement.

The 11000-s horizon was intentionally selected as an
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extended numerical robustness test, rather than as a rep-
resentation of the physical duration of a single industrial
digester blow. The extended interval provides clear tem-
poral separation between successive disturbances, allows
recovery of the relatively slow pump/drive dynamics (z; =
300 s), and makes cumulative inventory and energetic ef-
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12. Sensitivity of the fixed-gain PI controller to variations in the nonlinear flow exponent n, showing discharge flow tracking for
n = 0.55-1.00 relative to the prescribed reference q,*(t).
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13. Effect of the true nonlinear flow exponent n on Pl and SMC performance: (a) tracking RMSE, (b) electrical energy consumption,
(c) IAE, and (d) batch-specific SEC.
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fects observable. Industrial batch digester blows them-
selves are typically much shorter; historical industrial guid-
ance reports approximately 10-20 min, including an
example of a 200-m? digester discharged over approxi-
mately 20 min.

CONCLUSIONS

A nonlinear control-oriented framework was developed
for batch digester blowdown by coupling dry fiber and
free liquor inventories with evolving consistency, mix-
ture density, digester level, hydraulic inertance, chan-
neling, drainability, and consistency-dependent nonlin-
ear resistance. The resulting model reproduces the
strongly time-varying hydraulic operating conditions
expected for concentrated pulp suspensions, whose rhe-
ology is known to depend strongly on fiber interactions
and concentration.

Under identical nonlinear plant conditions and sequen-
tial disturbances, the SMC consistently achieved lower
RMSE, IAE, and peak flow tracking error than the fixed-
gain PI benchmark, with rapid recovery toward the pre-
scribed sliding boundary layer. This improved regulation
was obtained at the expense of higher hydraulic control
activity, whereas cumulative electrical energy and dry fi-
ber-specific SEC remained comparatively similar. The re-
sults therefore indicate that the primary advantage of the
proposed SMC is robust hydraulic regulation rather than
substantial energy reduction, consistent with the estab-
lished robustness of sliding mode methods for uncertain
nonlinear hydraulic systems.

Sensitivity analysis with respect to the nonlinear expo-
nent n further showed that the SMC maintains superior
tracking robustness over the investigated rheological
range. The proposed hydraulic demand, power, SEC, and
sliding manifold representations additionally provide phys-
ically interpretable tools for characterizing the evolving
nonlinear operating domain; SEC itself is an established
metric for assessing slurry transport energetic perfor-
mance. Overall, the results support the proposed formula-
tion as a proof-of-concept nonlinear modeling and robust
control framework, while experimental parameter identi-
fication and plant-scale validation remain necessary before
industrial implementation.
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