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ABSTRACT The normal elastic equations are based on the assumption of
smaill displacement and thus are not useful in describing the large
deformation that occurs in a web wrinkle. The equations of the elastica can
be used to describe the geometry of a wrinkle, but these equations are difficult
1o use on a repetitive basis. In this study, the cross-sectional geometry of a
number of wrinkles in several tpes of paper was measured and normalized,
This process yielded a simple polynomial relationship that can be easily used to
describe the general shape of a web wrinkle. Comparison of the wrinkle
shapes predicted by the polynomial and by the elastica with the measured
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wrinkles showed good agreement. The results provide a very easy method for
characterizing and predicting a wrinkle cross-section in the modeling of pa-

per wrinkles.

In the study of the behavior of wrin-
kles in paper and other web materials,
the assumed shape of the wrinkle is
important in modeling the wrinkle’s
interaction with rollers and other
geometric variables of the processing
line. Past work has shown that the
behavior of a wrinkle is heavily
dependent on the shape of the wrinkle
cross-section (1). One of the parame-
ters addressed in this earlier work is
the wrinkle aspect ratio, which is
defined as the total wrinkle height
divided by the total wrinkle width. It
was learned that as the aspect ratio
increased, the behavior of the wrinkle
became less stable, and the wrinkle
was more prone to creasing or collaps-
ing when passing over a roller. The
assumed mathematical function for
the cross-sectional shape was a simple
sinusoid. This simplified assumption
was useful in determining the relative
contribution of several parameters to
wrinkle stability. However, as re-
search into wrinkle stability has
progressed, the need for a more
accurate description of the wrinkle

shape has become apparent.

Wrinkling can be created by a
number of processing factors, includ-
ing misaligned rollers, eccentric
rollers, uneven tension profile, active
steering and guiding, and other ele-
ments that induce shear strain into the
web. In all cases, the initiation of
wrinkling can be consolidated into one
general cause. Wrinkling is initiated
when the compressive stress in the
entire web (or a portion of the web)
exceeds the stress at which the mate-
rial will structurally buckle.

In most engineering applications,
buckling is considered to be a failure
mode because deflection is no longer
linearly proportional to the applied
load. At the initiation of structural
buckling, the out-of-plane deflection
can be quite small, but the condition
is still considered to be in a state of
unstable equilibrium. In paper, the
buckling load is extremely small, and
the out-of-plane deflection at theoret-
ical buckling is also very small. A
wrinkle with such a small amplitude
will probably not even be noticed

unless the localized weakness allows
transfer of the compressive stress to
adjacent regions of the web. If this
happens, the wrinkle is likely to grow
in both width and amplitude.

As shown in the previous work (1),
if the ratio of height to width ap-
proaches some threshold value, then
the wrinkle may exhibit an adverse
behavior when encountering out-of-
plane guiding, such as passing over a
roller. However, it is not sufficient to
know just the total height and total
width of a wrinkle in attempting to
predict wrinkle behavior. It is also
necessary to describe the height of the
wrinkle at any point in the wrinkle
cross-section.

Classical plate buckling

In the classical development of the
buckling behavior of thin plates, the
unbuckled plate is subjected to exter-
nal, in-plane loads. As the external
loads approach the critical value, the
work performed by the loads is man-
ifested by planar deformation of the
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plate. When the loads reach a eritical
value, the plate suddenly deforms out
of the plane of the plate. This defor-
mation is consistent with the principle
that the plate deforms such that: (a)
the potential energy of the loads and
of the deformed plate is 2 minimum,
and (b) the work done by the external
loads is equal to the strain energy
stored in the plate.

In this development, it is necessary
to assume a buckled shape for the
plate. A solution composed of an
infinite series of sinusoidal functions,
which satisfy the boundary conditions
for the plate, is nearly always as-
sumed. This development can be
found in many references on thin-
plate buckling (2-5).

The assumed sinusoidal function is
appropriate for buckling deforma-
tions that are still in the structural
regime. This implies that buckling is
a failure mode to be avoided and that
the post-buckling shape is of little
interest. In addition, the simplifying
assumption of small deflection in the
buckled state introduces a degree of
uncertainty regarding the shape of
the out-of-plane deformation. This
simply means that the buckled shape
cannot be uniquely described (5).

In paper wrinkles, the post-
buckling shape is important because
buckling, in itself, is not considered to
be a structural or material failure.
The classical elastic equations of plate
behavior do not adequately describe
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the wrinkle behavior because the
plate equations are based on the
simplifying assumption of small de-
formation. For plates, small deforma-
tion is on the order of the plate
thickness. For paper wrinkles, the
out-of-plane deformation may be
hundreds of times larger than the
paper thickness. For this large-
magnitude post-buckling behavior, it
is necessary to use the equations
known as the elastica. In the equations
of the elastica, the simplifying as-
sumption of small deflection is not
used, and the local curvature of the
wrinkle is described in exact terms.

Post-buckling behavior

The model for the large-deflection
buckling is shown in Fiig. 1. The initial
development of the elastica in the
eighteenth century is credited to
Euler and Lagrange. Timoshenko and
Gere (5) provide a concise develop-
ment of the post-buckling equations
for application to linear, isotropic, and
homogeneous materials. Although
paper is neither linear, isotropic, nor
homogeneous, the wrinkles deseribed
in the present study show very good
agreement with the elastica equa-
tions.

The elastica allow the geometry of
the wrinkle cross-section to be quan-
titatively described. The solid portion
of the curve in Fig. 1 represents only
one-fourth of a complete wrinkle.

Because an entire half-wrinkle can be
described by subsequently applying
the elastica, and because the entire
wrinkle is symmetrical about the
wrinkle axis, the equations given by
Timoshenko and Gere (5) are those
needed to completely describe the
wrinkle geometry.

The elastica solution is burdensome
to work with because elliptic integrals
form a portion of the solution. The
values for the elliptic integrals are
well documented (6). They also can be
solved numerically. However, each of
these processes requires considerable
effort to simply describe a well-
behaved function such as a wrinkle
cross-section. In addition, for large
wrinkles in weak materials, the elas-
tica may provide a result that differs
from the shape measured in the actual
web material. This occurs because the
elastica do not consider any deforma-
tion resulting from the weight of the
web material. Actually, the wrinkle
tends to deform slightly downward
from the shape predicted by the
elastica. This deformation could re-
sult in a slightly higher aspect ratio
for the actual wrinkle.

Experimentation and results

In an effort to simplify the elastica
equations and to characterize a wide
variety of wrinkle cross-sections for
repeated use in stability studies, a
number of different sizes and shapes
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of wrinkles, in several types of paper,
were created in a static situation. The
samples tested were kraft paper with
a caliper of 0.2 mm (8 mil) and a basis
weight of 152 g/m2, newsprint with a
caliper of 0.09 mm (3.5 mil) and a
basis weight of 53 g/m?, and xero-
graphy paper with a caliper of 0.1 mm
(4 mil) and a basis weight of 81 g/m2.
The apparatus for inducing the wrin-
kles in the kraft paper and the news-
print is shown in Fig. 2.

The apparatus allowed variations in
the web span, web width, and shear
strain. In all cases, the wrinkles were
measured at the mid-span of the web.
Wrinkles of different size and shape
were induced by varying the span,
width, and shear strain in the web.
The wrinkles in the xerography paper
were induced by simply subjecting
the sample to shear strain by hand.
The wrinkle parameters are shown in
Fig. 3. For the purpose of this study,
both wrinkle width and wrinkle
length refer to measurements in the
cross-machine direction. The wrinkle
length is not meant to imply a mea-
surement in the machine direction.
This represents a deviation from
conventional ferminology.

Wrinkles of specified length and
width were induced in the three types
of paper. The cross-sectional shape of
the wrinkle was measured for each
type of paper, and the shapes were
found to be the same within the
accuracy of the measurement. This

result was anticipated and would be
expected for all web samples with
sufficient stiffness to resist excessive
deformation caused by the web’s own
weight.

Because the three types of paper
exhibited the same cross-sectional
geometry, newsprint was used for the
remainder of the experimental stud-
ies. A series of 25 wrinkles of very
different size and aspect ratio were
induced in newsprint. The height of
each wrinkle was measured at various
points along the wrinkle width. The
measurements were made by posi-
tioning a graduated straightedge
under the web at the mid-span. The
wrinkle width (2W) was determined
to be at the points where the straight-
edge was tangent to the bottom of the
wrinkle. These points were marked
and later served to indicate the wrin-
kle length (2L) after the sheet was
again flattened. With the wrinkle still
in place, calipers were used to mea-
sure from the graduated straightedge
up to the associated point on the
wrinkle. Although tedious, this proc-
ess required no special equipment or
expertise.

Figure 4 shows data for three
representative wrinkles. Because of
symmetry, only one-half of the wrin-
kle is shown. The wrinkles were such
that the maximum slope was less than
vertieal. This restriction is necessary
to force a monotonie, single-valued
function for the approximating poly-

nomial. In the elastica equations, this
restriction need not be enforced.
Several attempts at describing the
25 wrinkle shapes with a single
polynomial failed to yield a function
that accurately described the wrinkie
shapes. The wrinkle parameters were
then normalized with respect to the
maximum magnitude of that parame-
ter. For each measured point in the
wrinkle cross-section, the z-
coordinate of the point was divided by
the wrinkle half-width, and the y-
coordinate was divided by the maxi-
mum amplitude at the axis of symme-
try. The normalized plot showed good
agreement among the many wrinkles.
Figure 5 is a normalized plot of the
three representative wrinkles in Fig.
4. These three normalized wrinkles
represent the two extremes and the
approximate average for the data
scatter of all 25 measured wrinkles.
In a similar manner, the amplitude
of each wrinkle at the axis of symme-
try was measured as each wrinkle was
developed. (With the sheet flat, the
amplitude was zero.) As shear strain
was induced in the web, the total
wrinkle width (2W) became less than
the total wrinkle length (2L), and the
amplitude at the axis of symmetry
was successively measured. From
observations of the size of the wrin-
kles, it became obvious that for a total
wrinkle length when flat, the ampli-
tude of an associated wrinkle should
be related to the final total wrinkle
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width. This was found to be true, and
this relationship is shown in Fig. 6 for
the average of the 25 wrinkles. For a
wrinkle with a total width (2W) which
develops from a flat sheet of total
length (2L), the characterized ampli-
tude is directly related to the charac-
terized width. The characterized
parameters are different from the
normalized parameters in that the
characterized parameters are only
dependent upon the total wrinkle
length of the flat sheet and not on the
maximum measured value of the
parameter.

From the normalized and charac-
terized data for the 25 wrinkles, a
least-squares curve fit was performed
on all the wrinkle data, resulting in
two third-order polynomials. A third-
order polynomial was selected be-
cause the equations of elasticity have
a fourth derivative equal to zero. The
input to the polynomials is the overall
length of the flat sheet before wrin-
kling (2L) and the wrinkle width
(2W). The output of the polynomials
is the maximum amplitude (A) of the
wrinkle at the axis of symmetry and
the functional relationship (Y) be-
tween the height and width coordi-
nates of the cross-section. The poly-
nomials and the coefficients are given
in Egs. 1 and 2.

A =2L {a + b(2W/2L) + c[(2W/2L)*] +

d[(2W/2LF]} )
where
a = 0.5980
b = -11112
c = 22470
d = -1.6933

Y = A {a+b(X/W) +(X/WP] +
d(X/W)] @)

where, for 0< X/W< 0.5

a = 0.9999
b = -0.1725
¢ = -0.8873
d = -2.0992

or, for 0.5< X/W< 1.0

a = 21191
b = -5.1762
c = 4.2300
d = -1.1733
162 August 1990 Tappi Journal

6. Average of characterized wrinkles

7. Comparison of analyses

-
o
']

o
©
)

o
a
1

o
>
1

r

o
1Y)
1

CHARACTERIZED WIDTH (2W/2L)

™71 1 11X
0.1 02 03 04 0!5

CHARACTERIZED AMPLITUDE (A/2L)

-
(-]
S

L =44mm W =19mm
o Measured wrinkle
a Elastica wrinkle

o Polynomial wrinkle

NORMALIZED AMPLITUDE (Y/A)

LA A
02 0.4 0.6 08 10
NORMALIZED WIDTH (X/W)

For an area of a web with known
initial length prior to wrinkle forma-
tion and with known wrinkle width,
the maximum amplitude (A) is first
calculated from Eq. 1. Then the
functional relationship describing the
cross-section (Y for any X/W ratio) is
calculated from Eq. 2. As can be seen
from the coefficients, an exact fit
between the measured wrinkle and
the polynomials is not achieved. An
error analysis indicates that, at any
point, the curve fit deviates less than
10% from the measured values.

The polynomial relationship of the
wrinkle cross-section allows a second
simple analysis to be made. The
polynomial relationship is a geometric
function and has no material restric-
tions placed upon it. If the wrinkle
curvature becomes large enough, the
material may crease without any
additional interaction from a roller.
The bending stress at a point in the
wrinkle cross-section is directly relat-
ed to the curvature at that point. For
a large deformation, the exact curva-
ture (K) is given by Eq. 3.

K =|d2y/da/[1 + (dy/dwp" )

This curvature is equal to M/EI,
where M is the bending moment, E
is Young’s modulus, and I is the
moment of inertia of the bending
section. In small-deformation ana-
lyses, the curvature (K) is approxi-
mated by the numerator of Eq. 3
because the slope (dy/dx) at any point
is assumed to be very small, thus
making the denominator equal to
unity. In web wrinkling, this approx-
imation generally is not valid. Making
the simple substitution for the beam

bending stress yields Eq. 4,
o=KET/2 (4)

where T is the web thickness. By
taking the appropriate derivatives of
the polynomial relationship shown in
Eq. 8 and evaluating the derivatives
at any point (X/W)in the cross-section,
the curvature and bending stress at
that point can be approximated. This
stress is typically expressed for a unit
dimension of the wrinkle in the ma-
chine direction.

Conclusions and applications

Figure 7 is a comparison of the
theoretical wrinkle shapes as derived
from the elastica, the experimentally
measured wrinkle shapes, and the
shapes predicted by the polynomial
approximation. As can be seen, there
is very good agreement among all
three curves. From this comparison,
it can be concluded that the approx-
imating polynomial is a very easy tool
for the description of wrinkle geome-
try. This close correlation would also
indicate that in wrinkling studies,
where the web material is not highly
stressed, the assumption of a linear,
isotropie, and homogeneous material
is satisfied.

The polynomial approximation also
provides a quick method for calculat-
ing the bending stress at selected
points in the wrinkle cross-section. It
can be seen from Fig. 6 that the
characterized amplitude of a wrinkle
becomes maximum at 44% of the total
wrinkle length. This occurs as the
slope of the wrinkle becomes vertical.
This fact could prove useful in deter-



mining the geometry and limiting size
of a wrinkle that has collapsed or
folded onto itself during processing.
The approximating polynomial is
being used in the study of the relation-
ship between shear strain in a web
and the size and shape of the resulting
wrinkle. Recent work by Gehlbach et
al. (7) has resulted in a method for
predicting the existence of shear
wrinkles based on induced shear
strain. The current study can be
applied to this recent work to predict
the wrinkle size and shape as it relates
to the shear strain present in the web
span. A model can then be formulated
to predict the response of the resulting
wrinkle passing over a roller. This
work will place an upper limit on the
amount of shear strain allowable in a
web span before wrinkle instability
will result. Such a relationship should
help determine guidelines for roller
alignment and eccentricity as well as
steering or guiding of the web.O
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