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In 1957, a two-part paper appeared 
in the Transactions of the Faraday 
Society (1) in which was discussed the 
contribution of the hydrogen bond to 
Young's modulus of paper. Since 
then, several other attempts a t  im- 
proving and extending the theory 
were made (2, 3). More recently, a 
rigorous derivation of the basic equa- 
tion was made in which previously 
used arbitrary assumptions and pa- 
rameters were dropped, and new 
falsifiability tests for the theory were 
offered (4). Also, i t  became possible 
to unify this molecular-scale theory 
with structural theories of paper, 
which are based on the larger scale 
of a fiber, with the development of a 
hydrogen-bond and percolation the- 
ory (5-7'). 

In brief, the primary statement of 
the H-bond theory is given by 

E = <kR>nIi3 
= (3 U/dE)n'" = (18.4 k 3)n'"Pu (1) 

where 

*Batten currently is the manager of research 
and development a t  Georgia-Pacific Corp., 2883 
Miller Road, Decatur, Ga. 30035. 

E = Young's modulus for an ideal 
isotropic paper (i.e., wholly 
made of cellulose) 

<kR> = an average force constant for 
stretching the H bond 

U = the potential for the bond in 
terms of R, the 0-0 distance 
of the 0-H-0 bond) 

n = a predictable fraction of the 
total, or stoichiometric, 
number of intermolecular H- 
bonds per unit volume of the 
ideal paper. 

The use of this equation leads to a 
falsifiability test of the theory in the 
form of a new relationship: 

a lnE/dT= (l/<k&) 
(d3 UldRS) (dRldT) -A (2) 

where 

T = temperature 
A = the linear coefficient of 

thermal expansion. 

The use of spectroscopic and statis- 
tical mechanical values for U and R 
for cellulose in Eq. 2 yields a value 

of -2.4 x 103"C-' for alnE/aT. This 
value has been checked against ob- 
served values and has been found to 
be valid. 

When the ERCO Summer Fellow- 
ship prescribed a lecture on some 
aspect of this 30-year stretch of 
research, it became apparent that a 
critical review of the theory was in 
order. There, both assumptions and 
principal findings were reviewed. 
Since the findings are already pub- 
lished in the relevant literature, only 
the assumptions will be scrutinized 
here. 

In the H-bond theory, four assump- 
tions are made, each of which re- 
quires justification: 

1. There is a class of solids which may 
be designated "H-bond-dominated- 
solids." 

2. Paper belongs to the class of H- 
bond-dominated solids. 

3. Although as many as ten parame- 
ters have been incorporated into 
the mathematical description of 
the H-bond, it is possible to de- 
scribe the contribution of the H- 
bond to the elasticity of paper with 
one, or perhaps two, parameters. 
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1. Elastic constants of ice, GPa 
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4. Although the distribution of H- 
bonds is unknown and probably 
unknowable even in an ideal, 
isotropic paper, the statistical 
method of the theory is valid in 
computing Young’s modulus from 
the “averaged” parameters of the 
H-bonds present and the bond 
density in the solid. 

We shall endeavor to  justify each of 
these assumptions separately. 

Examination of the axioms 
1. Is there a class of materials that 

may be designated as “H-bond- 
dominated solids?” 

All solids are affected by intra- and 
intermolecular potentials as well as 
by changes in entropy upon deforma- 
tion. The complexity of all the factors 
is such that it is the accepted method 
to select for any one solid under study 
only those factors considered to be of 
dominant importance and to ignore 
the others. The most remarkable of 
such treatments for its simplicity and 
success is that which treats natural 
rubber as a solid dominated by the 
entropy changes induced in it upon 
deformation, while ignoring all prim- 
ary and secondary valence forces 
within and between the molecules. 
We could designate such a solid as an 
“entropy-dominated solid.” 

Similarly, we call a solid “H-bond- 
dominated” if the contribution of the 
H-bonds to the resistance of deforma- 
tion dominates other effects from 
primary or other secondary valence 
forces and entropy changes. To af- 
firm that such a class of solids exists, 
it is necessary to demonstrate the 
existence of only one such solid. 

The prime example of an H-bond- 
dominated solid is ice. Haas (8)  has 
calculated from first principles all 
five elastic constants of the Ice I 
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1. Load-elongation curves for Paper samples 
immersed in different fluids: (a) Control in air, 
(b) benzene, (c) vinyl acetate, (d) nltromethane, 
(e] ethanol, (r) formamide, (9) water 

2. The dependence of modulus E on water- 
cellulose ratio w and on the degree of 
substitution of hydroxyl groups by acetylation, 
DS, and of rupture energy RE on DS 
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crystal. His calculations agree well 
with experimental values, as shown 
in Table I. 

What is interesting about Haas’s 
calculations is that they are based 
solely on the H bonds that exist 
between the water molecules in ice. 
Haas completely ignores the primary 
valence forces (covalent, ionic, etc.) 
within the molecules in ice. Haas’s 
assertion, that “the forces which hold 
the water molecules in an ice crystal 
together must be ascribed predomi- 
nantly to  hydrogen bonding,” is 
verified by the excellent agreement 
between his calculations and the 
experimentally observed values. 
Thus, Ice I meets the definition of an 
H-bond-dominated solid, thereby 
establishing the class of H-bond- 
dominated solids. 

2. Is paper an H-bonddominated 

That all hydroxyl groups in paper 
participate in H-bond formation is 
beyond doubt, since spectroscopic 
studies of paper and cellulose show no 
absorption a t  the free hydroxyl 
stretching frequency of 3600 em-’. 
But do the H-bonds dominate the 
mechanical properties of paper? 

In 1964, Robertson ( I O )  published 
the effects of various saturants on the 
Young’s modulus of paper. These 
effects are shown in Fig. 1, where it 
is seen that immersing paper in water 
destroys the mechanical integrity of 

solid? 

the paper. Other liquids also reduce 
the value of E. 

There are two possible explana- 
tions for these phenomena. First, as 
the polarities of the saturants in- 
crease, so do their abilities to break 
intermolecular H bonds in the cellu- 
lose matrix. By breaking H bonds, the 
liquids reduce n in Eq. 1 and hence 
E. Second, these saturants have 
progressively increasing dielectric 
constants. If the bonds in paper are 
ionic, then the strengths of the bonds 
are reduced as the dielectric constant 
of the saturant increases. 

This second point is worth consid- 
ering. Even though we have no evi- 
dence that the cellulosic hydroxyl 
groups are ionized, we must consider 
the possibility that the strong carbox- 
ylic acid groups (COOH) known to 
exist in paper (since paper is a weak 
ion-exchange medium) could be the 
primary bonding force between fib- 
ers, fibrils, or molecules in paper. 
Thus, according to the second expla- 
nation, the diminution in E is directly 
attributable to the dielectric constant 
of the saturant. 

Which answer is correct? Figure 2 
gives us the answer: the loss in E is 
due to the breaking of intermolecular 
H bonds in paper. 

Figure 2 shows three sets of data 
from two experiments by Higgins (3,  
11). In one experiment, pulp wasfirst 
beaten and then acetylated to differ- 
ent degrees. Standard handsheets 



3. The arrangement of molecules in the ice 
crystal (16) 

then were made from the pulp, and 
both E and rupture energy RE were 
measured. [Note: The beating was 
done prior to acetylation in these 
experiments to eliminate the effects 
of acetylation on beating as an un- 
known. This is distinctly different 
from a previous series of experiments 
performed by McKenzie and Higgins 
(IZ), in which the pulp was acetylated 
prior to beating.] In a second exper- 
iment, standard paper handsheets 
were humidified to various water- 
cellulose ratios w, and then Young's 
modulus was measured. The results 
from both experiments give only one 
curve. Thus, w and the degree of 
acetylation both have the same effect 
on E. Since the change in E on 
acetylation cannot be attributed to a 
change in the dielectric constant of 
the saturant, it is unlikely that the 
diminution in E is a result of the 
dielectric constant of the saturant. 
However, the acetylation of hydroxyl 
groups in cellulose does eliminate 
sites for H bonding. Thus, Occam's 
razor requires that we accept the 
proposition that both acetylation and 
w reduce E by diminishing the 
number of H bonds per unit volume. 

Figure 2 shows that the reduction 
in E due to the breaking of H bonds 
by w approaches 95% at w = 0.22. Such 
a large effect is clearly a dominant 
one. Thus, we declare cellulose and 
paper to be members, with ice, of the 
class of H-bond-dominated solids. 

This allows us to relate E, as a first 
approximation, to the density and 
characteristics of H bonds, while 
ignoring all secondary factors (such 
as entropy, ionic character,  and 
covalent contributions). 

3. H-bonds have extremely 
complicated functions for their 
potentials. How many parameters 
are essential to a theory 
connecting E to H-bond 
characteristics? 

Quantum mechanical models for the 
hydrogen bond generally contain at 
least four contributors to i ts  energy: 
electrostatic, delocalization (or reson- 
ance), repulsive overlap (of charge 
clouds on nonbonded atoms), and 
dispersion (London) forces (13). Lip- 
pincott and Schroeder (14) use a semi- 
empirical model with quantum me- 
chanical origins that includes ten 
parameters. Fortunately, these pa- 
rameters are interrelated. Once any 
one of these parameters is deter- 
mined experimentally (such as the 
potential energy at equilibrium or the 
equilibrium 0-0 distance, R), all 
others become calculable. Thus, the 
effect of the H bond may be related 
to a single observational parameter 
(such as U or R) for a particular type 
of H bond (e.g., 0-H-0, as opposed 
to, say, F-H-F). 

Haas has demonstrated (8)  that two 
parameters are sufficient to calculate 
all five fundamental elastic constants 
of a crystal of Ice I. The parameters 
he used were k R  and ks, the force 
constants for stretching and bending 
the 0-H-0 bond, respectively. Ice 
I has a special structure in which four 
H bonds are centered on each oxygen 
atom, so that there is no possibility of 
stretching any one H bond without 
bending other hydrogen bonds. This 
geometry does not exist with cellulose, 
where the intermolecular H bonds are 
separated by a comparatively rigid 
cellulose backbone. Thus, in cellulose, 
only one parameter-the force con- 
stant of stretching, kR-4 sufficient 
for the calculation of E. This force 
constant of stretching is derived 
readily from the Lippincott- 
Schroeder potential function (4). 

4. Can the proposed statistical 
method be used to calculate E 
from the average values of the 
parameters and the density of the 
H-bonds? 

To demonstrate the efficacy of the 
statistical averaging method that we 
developed for paper, we apply it to a 
system in which the H-bond distribu- 
tion is better known than in the case 
of paper. That system is Ice I. 

As mentioned, Haas has calculated 
the five independent elastic constants 
for Ice I using a two-parameter 
potential function, with these elastic 
constants in good agreement with 
experimentally determined values. 
Using Haas's values for these five 
constants, we can calculate the two 
principal moduli E1 and E3: 

El = 9.7 GPa ( 3 4  

E3 = 10.9 GPa (3B) 

Thus for polycrystalline ice, E is 

E = (2E1+E3)/3 = 10.1 GPa (3C) 

These calculated values agree well 
with the experimentally determined 
values for polycrystalline ice reported 
elsewhere (15). The average of all 
these reported values is E = 9.9 GPa. 
The standard deviation for all report- 
ed measurements is 0.8 GPa. For the 
experimental data reported in Table 
I, we have E1 = 9.67 GPa, E3 = 11.86 
GPa, and E = 10.4 GPa. 

We now apply the statistical aver- 
aging method to Ice I. If the method 
is good, it will result in a value for 
E of approximately 10 GPa. 

In the statistical averaging me- 
thod, we begin by assuming a random 
distribution of hydrogen bonds in the 
solid. In other words, the solid is 
treated as isotropic, as regards the 
orientation of H bonds within it. Thus, 
the hexagonal crystal structure of ice 
(Fig. 3) is replaced with the random 
distribution of Fig. 4. Using the 
spherical coordinate system, we see 
that the number of bonds dN'  at  the 
angle 6 contained within a circular 
hoop on the surface of the sphere in 
Fig. 4 (with radius R) is 

dN'/N' 
= 2~ R sinBRdB/ 47~ Rz = sinBd8/2 (4) 

If a forcef, is applied in the positive 
x direction, the force on a bond within 
the system is given by .fx case. The 
energy stored in the bond due to 
stretching will be 

(5) where 
U = cfx cose)2/ 2kR 
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' k R  = the Hookean force constant. 
The total energy stored in all the 

bonds in the circular hoop is 

= K (fx cose)2 sine del 4 k ~  
ii Ue =UdM 

(6) 

Integration yields the total energy 

1 
k 

stored in all the bonds: 
E 

U'= 2 p U d h r  
=h"E/6k~ (7) 

Now consider a system with N 
bonds all oriented along the II: axis. If 
such a system is subjected to a force 
fx, the energy stored in the system is 
given by 

u=Nfx2/ 2 k ~  (8) 

If this model is equivalent to the 
isotropic model, then 

U' =U (9) and 

N =N' /3 (10) 

In other words, for stretching 
modes of H bonds, an  isotropic, 
randomly oriented network of H 
bonds is mathematically equivalent 
to one with a third of the bonds 
oriented along each of the three, 
orthogonal, principal axes. This holds 
true only for infinitesimal strains, 
when the energy functions are quad- 
ratic with respect to strain. 

We now calculate the effect of 
bending in H bonds by using the same 
approach. A force acting on the bond 
at the angle e will have a component 
fx sin 0 acting a t  a right angle to the 
bond. The moment will be fx sin e R, 
and the bond deflection will be 

66 = fx sin6 R/ k, (11) 

The energy stored in the bond due 

U = (fi sin6@/ 2k, (12) 

The total bending energy stored in all 
the bonds in the circular hoop is 

u,=N' 
(fx sin6R)Z sin6 del 4k, (13) 

Integrating Eq. 13 yields the total 
bending energy per unit volume 
stored in the system: 

to bending is 

U' = 2Mjx2E/ 6k, (14) 

Now consider a system with N 
bonds all oriented at right angles to 
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4. Directional distribution of hydrogen-bond 
orientation in an isotropic H-bonded sdid at 

5. Statistical model of the ice crystal 
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the II: axis. If such a system is subject- 
ed to a force fx, the bending energy 
stored in the system will be 

U' =Mfx2E/ 2k, (15) 

If this model is equivalent to the 
isotropic model, then 

u =U' (16) 
and 

N = 2N' /3 (17) 

In other words, for bending modes 
of H bonds, an isotropic, randomly 
oriented network of H bonds is math- 
ematically equivalent to one with two- 
thirds of the total bonds oriented a t  
right angles to the direction of the 
force. 

An examination of Fig. 3 confirms 
that each water molecule in the ice 
crystal is fully engaged in hydrogen- 
bonding. Thus, the statistical method 
as applied to ice results in the model 
shown in Fig. 5, in which one third 
of the H-bonds are aligned along the 
direction of the force, and two thirds 
are aligned along the two remaining 
orthogonal principal axes. 

If a force f is applied along the 
positive II: axis of Fig. 5, the H bond 
along that axis will stretch by an 
amount SR (stretch). The two perpen- 
dicular bonds will also stretch, but 
this stretching will be mixed with 
bending. The total deformation along 
the x axis from force f is 

6 =  6R(stretch) + 6R(bend) (18) 

The value of SR (stretch) is simply 
f/kR. The value of SR (bend) is 

CfRo2/2) (Ilk,+ Ilk,+ 1/ko) 

where the k values are force constants 
for the angles defined in Fig. 6. Haas 
has taken k, = k, = k,. This yields forSR 
(bend) the value of 3fg/2k0. Thus, Eq. 
18 becomes 

6 = (f/kR) [1+ (312) (R8 kid ke)] (19) 

Now, in a cube of unit sides contain- 
ing n bonds per unit volume there are 
n2I3 bonds in parallel. This gives for 
the stress u 

0 = fn2'3 (20) 

Likewise, the total strain is 



7. The cellulose molecule 

8. Statistical model of cellulose 
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From this, we obtain Young’s mod- 
ulus: 

E = a/€ = <kK>n’” (22) 

where <kR> is the averaged force 
constant and is given by 

<kR> = k R  [1+ (3/2)Ro2 kQi kJ1 (23) 

Using the values that Haas derived 
for k R ,  k,, and RQ, we have 

<k& = 3.5 N/m (24) 

The calculation of n, the number of 
H bonds per unit volume, follows Eq. 
25: 

n = (2Na,p)/ (3 x 18) (25) 

where 

Na = Avogadro’s number 

p = the density of ice. 

In Eq. 25, 18 is the molecular weight 
of water, and the 3 in the denominator 
is from Eq. 10. The 2 in the numerator 
is in recognition that there are four 

H bonds per water molecule and that 
all the H-bonds are shared with other 
water molecules. This leaves an 
effective number of 2 H bonds per 
water molecule. The value of TZ from 
Eq. 25 is 

= 2.04 x 1 0 2 8 ~ 4  (26) 

From Eqs. 22, 24, and 26, we calcu- 
late E for polycrystalline ice, from the 
statistical method: 

E = 9.6 GPa (27) 

As stated previously, the average of 
all experimentally determined E 
values reported by Northwood (25) is 
E = 9.9 GPa, with a standard devi- 
ation of 0.8 GPa. The statistically 
determined value of E for ice differs 
from the average of experimental 
values by 3% and is clearly well 
within a standard deviation. It differs 
from the more recent measurements 
in Table I by less than 8%. Thus, the 
statistical method is valid in the 
computation of Young’s modulus 
from the “averaged” parameters of 
the H bonds in the solid. 

Applying the statistical method to 
cellulose yields similar results. We 
find that Eqs. 10 and 17 apply (3). In 
other words, H-bonded cellulose may 
be represented mathematically as a 
continuum of H bonds, one third of 
which are oriented along each of the 
three principal orthogonal axes. 

A comparison of Figs. 3 and 7, 
however, points to one major differ- 
ence between ice and cellulose. In ice, 
each water molecule is fully engaged 
in hydrogen bonding, so that each 
oxygen atom participates in the 
formation of four H bonds. Exertion 
of a force in any one direction causes 
bending of H bonds in the two other 
directions. Thus the statistical model 
for ice is that shown in Fig. 5, where 
the oxygen at the origin is involved 
in more than one H bond. For cellu- 
lose, the H bonds are widely separ- 
ated by cellulose chains, which are 
assumed to be “infinitely” rigid when 
compared to  the H bond. Applying a 
force in any one direction causes 
extension of H bonds in that direction 
but no bending in the two remaining 
directions. Thus, the statistical model 
for H bonds in cellulose is shown in 
Fig. 8. The difference between this 
model and the model for ice is simply 
that the three H bonds forming the 
unit cell are not connected to each 
other. 

Note that this model does not imply 
that, for paper, there is no connection 
between a force in one direction and 
deformation in the two other direc- 
tions. I t  does imply that, on a molec- 
ular scale, the extension of an H bond 
in one direction does not induce 
bending of H bonds in the other 
directions. 

In keeping with the preceding 
analysis, we have for cellulose: 

E = a/€ = fn2Pf&n1P (28) 

E = <kR>n1I3 (29) 

where 

<kR> = kR (30) 

In other words, the averaged force 
constant for H bonds in cellulose is 
just the force constant of stretching. 
This has been derived previously for 
H bonds in cellulose from the 
Lippincott-Schroeder potential func- 
tion (4): 

ka = 18.4 N/m (31) 

The experimental determination of 
<kR> in cellulose (4 )  from hysteresis 
loop studies in the plastic regime 
yield a value of 18.4 N/m * 2.3 N/m. 
Again, the statistical method shows 
good agreement with experimental 
results. 

Summary 
We have critically examined the four 
fundamental axioms of the hydrogen 
bond theory. The axioms have been 
found to apply not only to ice, the 
classic H-bond-dominated solid, but 
also to paper. The results of the theory 
show good agreement with experi- 
mental data, both for paper and ice. 

We conclude that, fundamentally, 
paper mechanics must be governed 
by the density and characteristics of 
the hydrogen bond, and no theory can 
be complete that is not based on this 
fact.U 
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