A mathematical model
for kraft pulping expressed
by a logarithmic straight-line equation
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ABSTRACT: A mathematical model for the kraft pulping of
trembling aspen is defined by a logarithmic straight-line equation for
the relationship between kappa number or permanganate number
and the H-factor. The model was derived using effective-alkali
charges of 11%, 13%, and 15% (on Na,O basis). The correlation
coefficient for the derived model was r =0.998-0.999. The

relationship between the mathematical model and the studied charge
of alkal is also characterized by a logarithmic straight-line equation.
The power form of the logarithmic straight-line equation is the most

sustable form for practical application of the pulping model. The
relationships between yield and kappa number and benween yield
and permanganate number can also be expressed by the logarithmic

straight-line equation.
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athematical models for the pulp-

ing process derived up to now
are complicated and do not predict the
experimental results with sufficient
precision (1-9). Efforts to improve the
environment will require a remark-
able decrease in the degree of pulping
during the eooking process. Control-
ling and checking the pulping process
with a eomputer depends mainly on
the accuracy of the pulping model. The
objective of the present work is to
present a precise mathematical model

of the pulping process. The new model
has a correlation coefficient equal to
or close to 1.

Experimental

The experimental results reported by
Hatton and Hejjas (10) were used to
develop a mathematical model for the
pulping process. The cited authors
studied kraft pulping of trembling as-
pen (Populus tremuloides Michx.)
under the following conditions: effec-
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tive alkali (EA) charges of 11%, 13%,
and 15% (on Na,0 basis); maximum
pulping temperature 160°C and 170°C;
cooking-liquor sulfidity 24.4%; liquor-
to-wood ratio 4.5:1.

Results and discussion

Relationship of yield to kappa
number and permanganate number

Figure 1 shows the variation of yield
with kappa number and with perman-
ganate number. It is evident that the
relationship between yield and both
kappa number and permanganate
number is given in a log-log plot by a
straight line.

The variation of the ratios “yield/
kappa number” and “1/(yield x kappa
number)” with kappa number is ex-
pressed in logarithmic eoordinates by
the straight lines in Fig. 2. Similarly,
the variation of the ratios “yield/per-
manganate number” and “1/(yield x
permanganate number)” is expressed
in Jogarithmic coordinates by the
straight lines in F'ig 3. The similarity
is valid also for the mathematically
modified relationships expressed as
the ratio “1/(yield x kappa number)”
with kappa number as well as the ratio
“Y(yield x permanganate number)”
with permanganate number in log—
log plots (given in Figs. 2 and 3), and
also as the product “yield x kappa num-
ber” with kappa number or the prod-
uct “yield x permanganate number”
with permanganate number in log—
log plots (not shown).
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From the foregoing, it follows that
the relationship between yield and ei-
ther kappa number or permanganate
number, as well as the modified forms
of these relationships, can be math-
ematically expressed by the logarith-
mic straight line given by Eq. 1.

Iny=(klnx)+Inb €))

where

x =pulp kappa number or permanga-
nate number

k =slope constant

b =intercept constant

and where y represents one of the fol-
lowing:
Y =yield, %

=yield/kappa number
=yield/permanganate number
=yield x kappa number

=yield X permanganate number
=1/(yield x kappa number)
=1/(yield x permanganate number)

The values of the constants and cor-
relation coefficients in the logarithmic
straight-line equation computed by the
least-squares method are listed in
Table L. These data reveal that the
correlation coefficients of Eq.1 for the
variation of yield with kappa number
and of yield with permanganate num-
ber are low, 0.896 and 0.902, respec-
tively. For the modified form of the
relationship, expressed as the ratio or
product, the correlation coefficients are
closeto 1, with » =0.999 for yield/kappa
number vs. kappa humber and r =0.997
for yield/permanganate number vs.
permanganate number.

Logarithmic form of the model
for the pulping process

In order to develop the mathematical
model for kraft pulping, the variation
of the ratios “kappa number/H-factor”
and “permanganate number/H-factor”
with H-factor were evaluated (Figs. 4
and 5). From these figures, it is obvi-
ous that the relationship of these quan-
tities is logarithmic for EA charges of
11%, 18%, and 15% (on Na,O basis).
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1. Logarithmic variations of yield with kappa number and yield with permanganate number for
kraft pulps at EA charges of 11%, 13%, and 15% (on Na,O basis)
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Also, the relationship between yield/
H-factor and H-factor is expressed by
a straight line in logarithmic coordi-
nates.

The results confirm that the varia-
tion of “kappa number/H-factor” and
“permanganate number/H-factor”
with H-factor is profoundly influenced
by the alkali charge. Also, the values of
the constants in the derived math-
ematical model are dependent on the
alkali charge. The slope constants of
these variations corresponding to EA
charges of 13% and 15% (on Na,0O ba-
sis) have the same value. [Results ob-
tained using an EA charge of 11% (on’
Na,0 basis) were excluded because this
charge is insufficient.] However, dif-
ferent values of the constant bin Eq. 1
and of constant A in Eq. 2 were ob-
served at the alkali charges given in
Tables II and III.

Power form of the model

for the pulping process

By using antilogarithms and solving

Eq. 1, one obtains the power form of

the relationships between H-factor and

kappa number or yield. Also, the afore-

mentioned ratios and products can be

expressed by the power form:
Y=AxX* )

where

Y =yield, kappa number, or perman-
ganate number

X =H-factor, kappa number, or per-
manganate number

A =constant

a =exponent, whose value is depen-

dent on the relation being expressed
and can correspond to ¢ =k+1, a
=k-1,and a =1-k.

Values for constant A and ¢ in Eq. 2
for the individual variations given in



2. Logarithmic variations of “yield/kappa number” and “1/(yield x 3. Logarithmic variations of “yield/permanganate number” and “1/(yield x

kappa number)” vs. kappa number for kraft pulps permanganate number)” vs. permanganate number for kraft pulps
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l. Values of constants and correlation coefficients of Egs. 1 and 2 of the variation of yield with kappa number, yield with permanganate number,
and yield with H-factor

Slope Intercept Correlation
constant constant coefficient Constant Exponent . Degree

k inb r A a of

Variation inEq. 1 inEq. 1 inEq. 1 inEq. 2 inkq. 2 freedom
Variation of yield with kappa number
Yield
with
kappa No. 0.09463 3.759 0.896 42.9055 0.09463 24
Yield/kappa
with
kappa No. -0.90538 3.759 0.999 42.9055 0.09462 24
Variation of yield with permanganate number
Yield
with
permanganate No. 0.13859 3.678 0.902 39.56718 0.13859 24
Yield/perm. No.
with
permanganate No. -0.86141 3.678 0.997 39.5672 0.13859 24
Variation of yield with H-factor®

Yield/H-factor
with
H-factor -1.0637 4.4522 0.999 85.81936 -0.0637 16
@ Alkali charge EA = 13% and 15% Na,O
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4. Logarithmic variations of “kappa number/H-factor’ and “yield/H-
factor” with the H-factor used during kraft pulping

5. Logarithmic variations of “permanganate number/H-factor’ and
“yield/H-factor” with the H-factor used during kraft pulping
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Il. Values of constants and correlation coefficients of Egs. 1 and 2 of the variation of kappa number with H-factor and variation of permanganate

number with the H-factor

Slope Intercept Correlation
constant constant coefficient Constant Exponent Degree
EA, Kk inb r A a of
Variation % inEg. 1 inEq. 1 inEq. 1 inEq. 2 inkq.2 freedom
Variation of kappa number with H-factor
Kappa No./H-factor
with H-factor 13 -1.8823 8.8842 0.998 7217.361 -0.8823 8
Kappa No./H-factor
with H-factor 15 -1.8690 8.4932 0.999 4881.680 -0.8690 8
Variation of permanganate number with H-factor
Perm. No/H-factor
with H-factor 13 -1.6210 6.7552 0.999 858.5498 -0.6210 8
Perm. No/H-factor
with H-factor 15 -1.5894 6.3622 0.999 579.5458 -0.5894 8

Tables I-III were computed by the
least-squares method.

For the calculation of kappa num-
ber or permanganate number from
the H-factor—or for the calculation of
the H-factor necessary for the pro-
duction of pulp with a required kappa
number or permanganate number—
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one first needs to calculate the value

of A in Eq. 2 that corresponds to the
charge of alkali used. The constant A
can be calculated using Eq. 2 with the
constants given in Table III, as fol-
lows:

For the variation of kappa number
with H-factor:

kappa number =
7984398.4 EA27 H-factor 9%  (3)

(r=0.999)



I1l. Values of constants and correlation coefficients of Egs. 1 and 2 of the variation of constant A in Eq. 2 with charge of alkali EA

Slope Intercept Correlation
constant constant coefficient Constant Exponent Degree
k Inb r a of
Variation inkq. 1 in Eq.1 inEqg. 1 inEq. 2 inEq. 2 freedom
For the calculation of kappa number from H-factor
Constant A
with EA -2.7323 15.893 1.000 7984398.4 -2.7323 3
For the calculation of permanganate number from H-factor
Constant A
with EA -2.7463 13.799 1.000 983625.0 -2.7463 3
For the calculation of H-factor from kappa number
Constant A
with EA -1.9147 14.914 1.000 2999631.5 -1.8147 3
For the calculation of H-factor from permanganate number
Constant A
with EA -0.8386 12.988 1.000 437136.2 -0.8386 3
For the variation of permanganate H-factor =437136.16 EA#% Literature cited
number with H-factor:
permanganate number5%55 (6) 1. Vroom, K. E., Pulp Paper Mag. Can. 58(C):

permanganate number
=983625.0 EA27% H factor*®*  (4)

(r =0.999)

The derived mathematical model
for kraft pulping of trembling aspen
can also be used to calculate the H-
factor needed to produce a pulp with a
specific kappa or permanganate num-
ber from the following equations:

H-factor =2999631.5 EA-19147
kappa number-'*6 5)

(r=0.999)

(r =0.999)

The yield can be calculated from
the values of the kappa number and
permanganate number using the fol-
lowing equations:

yield =42.905 kappa number®®*¢  (7)
(r =0.999)
yield =41.264 permanganate number’!25(8)

(r =0.999)
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