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ABSTRACT: Prediction of the in-plane biaxial strength of
paper by the Tsai—Wu failure criterion has in general proved to
be in good agreement with experimental data. However, the
Tsai—Wu criterion overestimates the strength in some parts of
the biaxial tension region. This shortcoming can be corrected by
adding a pair of cubic terms to the existing Tsai—Wu criterion.
The modified Tiai—Wu criterion presented bere predicts the
biaxial strength of paper more accurately than the Tiai—Wu
criterion. The extra pair of parameters introduced is
determined from data obtained by standard tests.
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he strength of paper under bi-
axial loading is of great impor-
tance in many industrial applications.
Since the early days of industrial
use of paper, the burst test (1) has
been used to characterize, in an un-
controlled way, the biaxial strength
of paper. Controlled experiments for
testing the biaxial tensile strength
of paper have been reported in the
literature (2-4). However, efforts to
fully characterize the biaxial
strength of paper for every stress
state have proved to be both tedious
and difficult.
Thesendifficulties have led to the
development of theoretical ap-

proaches that phenomenologically
describe the biaxial failure envelope
of paper in the entire stress space,
with parameters that are easily mea-
sured with standard tests. Several
biaxial failure envelopes have been
developed, but the Tsai-Wu failure
criterion envelope (5) has proved to
be very accurate in deseribing the
biaxial failure of paper (3, 4). How-
ever, the Tsai-Wu criterion overes-
timates the experimental data in
some parts of the biaxial tensile
strength envelope. Hill (6) showed
that this shortcoming can be cor-
rected by adding a pair of cubic terms
to a failure criterion. This extra pair
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of parameters is easily determined
by standard tests.
The aim of the present work is to

e Define the modified Tsai-Wu cri-
terion, referred to here as the
Hill-Tsai-Wu failure criterion

L}

Show how to numerically deter-
mine the extra pair of parameters
for the Hill-Tsai-Wu criterion.

The Hill-Tsai-Wu failure criterion
is fitted to experimental biaxial-
strength data reported in the litera-
ture (3, 4). It is shown that the
presented criterion provides a bet-
ter description of the biaxial failure
of paper than the Tsai-Wu criterion.

The Hill-Tsai-Wu failure
criteriqn

The material behavior of paper is
assumed to be orthotropic, and the
in-plane stresses are preferably re-
lated to the principal axes of the ma-
terial, i.e., the 1-axis coincides with'
the machine direction (MD), and the
2-axis coincides with the cross-ma-
chine direction (CD).

The proposed Hill-Tsai-Wu fail-
ure criterion is written for plane
stress as

¢ = {(p+q) - [(po,+40,)/P}} (0,0,/TT)
+(F 02 +2F 0,0, + F,,0,' + F, o}

+Fo,+Fgo,)=1 (1)
where
P = equibiaxial tensile strength
o = MD stress

1



I. Experimental data used to check the accuracy of the proposed Hill-Tsai-Wu failure

criterion
Sack? Linerboard ®
Basis weight, g/m? 80 125
F,, 0.057 0.015
F, ~0.040 -0.013
F,, 0.240 0.097
F, -0.280 0.150
F, -0.550 -0.213
T,, kN/m 7.3 14.8
T, kN/m 3.5 4.5
P, kN/m 4.8 6.2
dofdo, at (T,,0) 1.340 1.490
do,/do, at {0,7) 0.533 0.426

eData from de Ruvo et al. (3)
*Data from Fellers et al. (4)

1. Plots of Hill-Tsai-Wu and Tsai-Wu failure criteria based on biaxial-strength data for sack

paper (3). The shear stress o, = 0.
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T,C1})
F, =1TLC,
F, =UT,C,
F =WT)-1/C)
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T, = MD tensile strength
T, = CD tensile strength
C, = MD compressive strength

The nondimensional parameters
p and q are found from a differentia-
tion of Eq. 1 with respect to o, ap-
plied at (0,,0,) = (T,0) and o, applied
at (0,,0,) = (0,T,), where the criteria
are satisfied identically. The obtained
equation system of p and ¢ has the
following solution.

[(UT )+ (UT,)~(1(P)]p
= {(P-T)[(F /T }+2F  \(do /do )}
—~ P{{(FJT )+2F }(do jdo )}
+ P(F T )~(F T))]
~ T,[(F,/T }+2F ] @)

(YT )+(UT)-(1/P))q

= {(P=T )[(F /T )+2F ,}(do jdo )}

— P{[(F,/T )+2F  }(do /do,)}

+ P[(F /T )~(F,T)]

— T[(F/T)+2F )] 3)

where do,/do, is found from Eq. 1
(6) by means of the normality flow-
rule, assuming the dominance of plas-
tic strains at the failure,

—do /da, = (3¢/9G )/(9¢/3a,)
=de [de, 4

and the contour of the Hill-Tsai-Wu
failure criterion is

$(0,,0,,0,) = constant
So, under uniaxial tension we have
do /do, = —dg [de,

=n, at (T,,0) %)
dojdo, = ~dg /de,
=n,at (0,T,) (6)
where
n, = ratio of the transverse to the
longitudinal incremental

strains under MD loading

7, = ratio of the longitudinal to the
transverse strains under CD
loading

The ratios », and n, can be measured
straightforwardly by strain gauges.
The values are obtained from data
over a small range of strain needed
to establish their values with reli-
ability.

Experiments

The Hill-Tsai-Wu failure envelope
(Eq. 1) was evaluated using experi-
mental data reported in the litera-
ture (3, 4). The modeled results were
compared with experimental values
of biaxial strength for paper reported
in those same works.

Table I shows the components of
the Hill-Tsai~Wu criterion estimated
from the biaxial strength data re-
ported in the literature (3, 4). Inser-
tion of the tabulated components in
Table I into Eqs. 1-3 gives the Hill-
Tsai-Wu failure envelope for the two
sets of experimental biaxial strength
data.
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Failure Analysis

In Figs. 1 and 2, with zero shear
stress (o, = 0), it is seen that the
Hill-Tsai-Wu eriterion much more
accurately represents the experimen-
tal biaxial failure envelope for paper
than the Tsai-Wu criterion, where p
=0andq=0in Eq. 1.

Summary

The main purpose of the present
work was to suggest a failure crite-
rion—the Hill-Tsai-Wu failure cri-
terion—that does not overestimate
the experimental biaxial tension en-
velope in the way the Tsai-Wu crite-
rion does. This shortcoming was
eliminated by adding a specific poly-
nomial of third degree (6) to the Tsai-
Wu failure criterion. The only
negative aspect is that two
nondimensional parameters, p and
g, are introduced into the proposed
Hill-Tsai-Wu failure criterion for
paper. However, the parameters p
and ¢ are explicitly obtained from
the longitudinal and transverse
strength in tension and compression
plus the equibiaxial tension strength
and the ratios of the longitudinal-to-
transverse increment strains in the
MD and CD loading directions, as

seen in Eqgs. 2 and 3.

2. Plots of Hill-Tsai-Wu and Tsai-Wu failure criteria based on biaxial-strength data for

linerboard paper (4). The shear stress ¢, = 0.

CD STRESS (o5), kN/m
n

= ~— Hill-Tsai~-Wu
~ - Tsai-Wu

MD STRESS (o4), kN/m

8 10 12 14 16 18 20

Literature cited

1. TAPPI T 403 om-85, “Bursting strength
of paper.”

2. Setterholm, V. C., Benson, R., and Kuenzi,
E. W, Tappi 51(5): 196(1968).

3. de Ruvo, A., Carlsson, L., and Fellers, C.,
Tappi 63(5): 133(1980).

4. Fellers, C., Westerlind, B., and de Ruvo,
A, 7th Fundamental Research Sympo-
sium Proceedings, Cambridge, U.K., 1981,
p. 527.

5. Tsai, S. W. and Wu, E. M., J. Composite
Matl. 5(1): 58(1971).

6. Hill, R., Intern. J. Mech. Sci. 35(1):
19(1993).

The author would like to thank Per Johan
Gustafsson for comments on the manuseript.
Financial support from Tetra Pak and the Swed-
ish Cellulose and Paper Research Foundation is
gratefully acknowledged.

Received for review Aug. 18, 1993.

Accepted Feb. 12, 1994.

134 August 1994 Tappi Journal



