Influence of voids on the
engineering constants of paper

Part 2: Void modeling
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ABSTRACT: This is the second part of a two-part study into
the influence of voids on the elastic properties of paper. Voids in
the paper sheet are modeled as regularly distributed inclusions
(with zero elastic properties) embedded in an isotropic or
orthotropic matrix. The elastic stiffnesses of isotropic materials
containing different shapes and volume fractions of voids were
analyzed using Christensen’s three-phase self-consistent models.
Voids in an orthotropic matrix were analyzed using two- and
three-dimensional finite-element analysis, and the results were
correlated with available experimental data.
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Modeling Voids

APP]

FOUNDATION

he formation of paper from a

suspension of fibers results in a
relatively loosely packed sheet. The
apparent density of the sheet in-
creases during the pressing and cal-
endering operations, but the final
sheet still contains a substantial vol-
ume occupied by voids. The pres-
ence of voids in the sheet reduces its
elastic moduli. Thus any microme-
chanical modeling of paper would be
incomplete unless attention is given
to the void or pore structure (1).

Micromechanical theories of pa-
per can be grouped as either net-
work models or continuum models,
as noted in Part 1 of this paper (2).
While continuum models (3) com-
pletely ignore the presence of voids,
elastic moduli calculated from net-
work models are commonly scaled
with a factor p/p., where pg is the
apparent density of the sheet and p,
is the density of the cell-wall mate-
rial (4). As will be discussed in this
study, such a correction tends to be
unconservative and is not supported
by more refined analyses of voids.
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Corte (5) proposed that the gaps
between the fibers in the paper form
a minute pore system that can be
viewed as tiny eylinders extending
through the thickness of the sheet.
The size distribution of pores can be
measured by a mercury-intrusion
method. Figure 1 presents pore size
distributions measured by Corte (5)
for papers made from unbleached
kraft pulp beaten to various degrees.
It is evident that the mean pore di-
ameter is on the order of 1-2 um,
which is much smaller than the pla-
nar dimensions of the fibers. Figure
1 also shows that increased beating
reduces the mean pore size and
sharpens the distribution.

Analyses of the influence of the
pores on the effective mechanical
properties of paper are extremely
rare. Salmen and Rigdahl (6) as-
sumed that the voids in a sheet of
paper can be modeled as spherical
inclusions within an isotropic matrix.
They used semiempirical equations
to calculate the effective elastic con-
stants of porous materials.

In the present study, self-consis-
tent micromechanical models and fi-
nite-element analysis are used to
determine the influence of voids on
the engineering constants of isotro-
pie and orthotropic paper sheets. The
baseline orthotropic elastic constants
of papers with no voids are calcu-
lated from the laminate model that
was presented in Part 1 (2). The
analysis of voids presented here in
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1. Distribution of pore sizes at three levels of
refining in papers produced from unbleached
kraft pulp (5)
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Part 2 quantifies the appropriate re-
duction factors for the elastic con-
stants. After appropriate scaling, the
model predictions are compared with
some available experimental data in
the literature.

Void modeling

Modeling the mechanieal response
of paper is complicated by the com-
plexity of the sheet structure. Fig-
ure 2 is a magnified photograph of a
paper sheet. Examination of Fig. 2
reveals wide spectrums of size, shape,
and relative orientation of the fibers
and void struecture (5). To develop
tractable micromechanical solutions
relating structural features and fi-
ber properties to the macroscopie
behavior of paper, idealized models
have to be constructed and analyzed.
We will present some available
micromechanical approaches and
apply finite-element analysis to as-
sess the influence of voids on the
elastic and hygroexpansional prop-
erties of paper.
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2, Microstructure of paper produced from bleached chemical pulp

Composite-spheres model

Hashin and Rosen (7) developed the
“composite spheres” model to obtain
the elastic properties of macrosecopi-
cally isotropic two-phase materials.
The model is composed of a grada-
tion of sizes of spherical particles (in-
clusions) embedded in a continuous
matrix phase such that a volume-fill-
ing configuration is achieved. This
model would be expected to give rea-
sonable results for systems contain-
ing spherical inclusions with a wide
distribution of sizes. For paper, how-
ever, the pores are approximately
cylindrieal, as described by Corte (5),
which renders this model less useful
for modeling of paper.

Three-phase self-consistent model

Christensen and Lo (8) derived ex-
act solutions for the engineering con-
stants of isotropic media containing
spherical or cylindrical inclusions.
The material is assumed to consist of
three phases: the inclusions (spheres
or infinitely long aligned cylinders of
varying diameters such that volume
filling is achieved), a spherical or cy-

Bleach chem
density=800
E MD!ECD=3

lindrical shell of matrix surrounding
the inclusions, and the continuous
equivalent homogeneous media in
which the inclusions are embedded.
The geometry of a material with cy-
lindrical inclusions is shown in Fig.
3. Notice that this model represents
isotropic sheets with through-thick-
ness pores (5).

Although of less interest for this
study, Christensen and Lo’s model
(8) also provides the properties in
the thickness direction (z-direction).
It can be easily shown that Young’s
modulus and Poisson’s ratio in the 2~
direction (&, and v ) follow the simple
linear rule of mixtures, i.e.,

EJE =V, =1-Y, (1)

where subscript “m” represents the
continuous-matrix phase and V, is
the volume fraction of pores (voids)
in the sheet. Table 1 summarizes
the results for isotropic materials
with spherical and cylindrical void
inclusions.

To obtain the in-plane shear modu-
lus, G, from the data listed in Table

I, the following equation can be used.
G=E/[2(1+V)] )




3. Cylindrical through-thickness inclusions 1. Engineering constants of an isotropic material containing spherical and cylindrical voids

1 z-direction

d Spherical voids Cylindrical voids
(thickness)

A E/E, Vv, E/E, viv,,
0.0 1.000 1.000 1.000 1.000
0.1 0.814 0.957 0.773 1.049
0.2 0.658 0.929 0.587 1.126
0.3 0.519 0.914 0.428 1.268
3 cross-machine 0.4 0.398 0.911 0.285 1.511
. direction 0.5 0.295 0.920 0.164 1.883

2 machine (transverse)
direction 0.6 0.209 0.935 0.073 2.353
(longftudinal) 0.7 0.139 0.957 0.022 2.757
0.8 0.083 0.978 0.004 2.975

" Calculated from Christensen and Lo’s three-phase models (8)

Comparison of the results for
spherical and cylindrical voids in
Table I reveals that cylindrical voids
result in larger modulus reductions
than spherical voids. Furthermore,
Poisson’s ratio for a material with
spherical voids is approximately
equal to that of the host matrix, but
it exceeds that of the matrix for a
material with eylindrical voids.

Finite-element modeling of voids

Part 1 (2) presented alaminate model
that generates the in-plane elastic
constants for void-free orthotropic
paper sheets. The orthotropy of the
constituent matrix considerably in-
creases the complexity of the
micromechanical analysis of the in-
fluence of voids, and no such analysis
is readily available. The analysis of
voids in an orthotropic matrix there-
fore is based on a numerical solution
of certain boundary-value problems
defined in terms of specific phase
geometries.

The finite-element method has
been found suitable for determining
the effective mechanical properties
of composite materials with regular

packing and uniform size and shape
of the inclusions (9-11). While it is
clear that the voids in paper sheets
are not regularly packed and pos-
sess wide spectra of sizes and shapes
(see Fig. 2), a tractable numerical
solution requires the assumptions of
uniform size and shape and regular
packing of the voids. Modeling of
the local inelastic response of fiber-
reinforced composites is sensitive to
the details of the repeat arrange-
ment, as noted by Christman et al.
(11), but global (averaged) elastic
properties are less sensitive to the
packing geometry.

Figure 4 shows the representa-
tive volume elements (RVEs) for ma-
terials with eylindrical and spherical
voids. The theoretical maximum vol-
ume fractions for materials contain-
ing regularly spaced cylindrical and
spherical voids of uniform size are
0.78 and 0.52, respectively.

Two-dimensional
finite-element analysis
The RVE of a material with through-

the-thickness pores (Figs. 3 and 4A)
can be discretized using two dimen-

sional (2-D) finite elements, as seen
in Fig. 5. Given the symmetries in
geometry and loading, only one
fourth of the RVE needs to be con-
sidered. Note that the x and ¥ direc-
tions ecorrespond to the machine
direction (MD) and the cross-ma-
chine direction (CD), respectively.

Four-noded STIF 42 quadrilateral
plane stress elements (stress ¢, = 0)
with two translational degrees of
freedom at each node were employed
in the finite-element analysis (12). A
fine mesh was constructed near the
void boundary to capture the steep
stress and strain gradients. The side
length of the smallest elements was
a/20, where ¢ is half the RVE side
length. Volume fractions of pores
ranging from 0.1 through 0.7 (in steps
of 0.1) were considered using 189
nodes and 160 elements for all vol-
ume fractions of pores. The elastic
constants for the isotropic and
orthotropic paper sheets were gen-
erated by the laminate model de-
scribed in Part 1 (2).

Tensile loading and boundary con-
ditions applied on the RVE are shown
in Fig. 6A. A generalized plane strain
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4. RVEs for materials with two types of voids. A: cylindrical pores, B: spherical voids
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analysis was performed by maintain-
ing constant y-directional displace-
ments of the nodes along the
horizontal boundaries AE and BC of
the RVE through coupled boundary
conditions. The vertical boundaries
DE and AB were also constrained to
remain straight to guarantee com-
patibility with the neighboring RVEs
after deformation. A uniform stress
was applied on the edge AB, and the
displacements in the ¥ and y direc-
tions, Ax and Ay, were recorded. The
effective elastic modulus, £, of the
porous material can be calculated as
follows.

E =0/, (3a)

with
g, = Avla (3b)

in which ¢ is half the side length of
the RVE. Poisson’s ratio, v, can be
calculated from Eq. 4.

v, =-Ay/Ax @

Young’s modulus, Ey, was simi-
larly computed by applying a stress
o, on the edge AE.

To represent shear loading on the
RVE, a shear stress, T,,» Was applied
on the side AE, as seen in Fig. 6B.
The side BC was constrained in the
2~ and y-directions, while the nodes
on AE were constrained to have uni-
form z- and y-directional displace-
ments after deformation. To
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maintain compatibility with the
neighboring RVEs after shear de-
formation, the edges AB and DE of
the RVE should remain straight and
parallel. The x- and y-directional dis-
placements of the nodes on side AB
were thus constrained to vary lin-
early from 0 at B to their maximum
values of Ax, and Ay, at A. The ef-
fective in-plane shear modulus of the
porous material, ny’ was calculated
from the relation

G, =1y, (52)

where

Y, =Ax,/a (5b)

Three-dimensional
finite-element analysis

As shown in Fig. 4B, the RVE for a
material containing spherical voids
is three dimensional (3-D). Solutions
for the elastic constants thus require
3-D finite-element analysis. Given
the symmetries of geometry, load-
ing, and boundary conditions, only
one eighth of the RVE needs to be
considered. The RVE was modeled
using key points, lines, areas, and
volumes (12) and discretized using
STIF 92 tetrahedral solid elements,
as seen in Fig. 7. STIF 92 is a ten-
noded tetrahedral solid element with
three translational degrees of free-
dom at each node. The mesh genera-

5. Two-dimensional finite-element
discretization of the RVE for cylindrical pores

a

AL

MD

tion of the solid can be done auto-
matically in ANSYS (12) by specify-
ing either the element size or the
number of divisions in each of the
line segments of the RVE. In this
case, the mesh generation was done
by dividing each line segment. Limi-
tations on the memory allocated to
the computer system prevented gen-
eration of a very fine mesh. Volume
fractions of spherical voids ranging
from 0.1 through 0.5 (in steps of 0.1)
were considered. The correspond-
ing number of elements and nodes
generated ranged from 490 to 520
and 1175 to 1225, respectively. The



6. Loading and boundary conditions for the RVE for cylindrical pores. A: tensile loading, B:

shear loading.

7. Three-dimensional finite-element
discretization of the RVE for spherical voids
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8. Model resuits (analytical model and finite-element model) showing the effect of void-volume fraction on normalized Young’s moduli for a
material with cylindrical voids. A: modulus in the longitudinal direction, B: modulus in the transverse direction.
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side length of the smallest elements
was about /8 for all void-volume
fractions, where o is half the RVE
side length.

Three-dimensional analysis of
orthotropic materials requires all
nine orthotropic elastic constants of
the matrix (without voids) as input.
The in-plane elastic constants for iso-
tropic and orthotropic paper sheets
without voids were obtained from
the laminate model that was pre-
sented in Part 1 (2), although the 2-
directional properties remain
undetermined by the laminate
model.

Data on out-of-plane elastic con-
stants of paper are extremely rare,
but it should be pointed out that the
emphasis of this study is on the in-
plane elastic constants, which are not
expected to be largely affected by
the choice of out-of-plane elastic con-
stants, as long as they are within a
reasonable range, Because of the
lack of data, the out-of-plane elastic
constants of the matrix were selected
from the study of Baum et al. (13):
E, =300 MPa, G, = 150 MPa, G,
=200 MPa, v, = 0.011, and v,
=(.021. These values were assumed
to be valid for all of the void-volume

fractions and in-plane elastic con-
stants that were considered.

The effective in-plane elastic con-
stants—E, E, v, , and G, —were
calculated by generalization of the
procedure outlined for the 2-D fi-
nite-element analysis. Details are
given in the literature (14). Essen-
tially, compatibility with neighbor-
ing RVEs was guaranteed by
constraining opposite faces of the
RVE to remain planar and parallel
after deformation. The moduli and
Poisson’s ratio were calculated from
applied stresses and displacements
using Eqs. 3-5.
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Results and discussion

Cylindrical pores

The elastic constants calculated for
isotropie and orthotropic sheets con-
taining eylindrical pores are plotted
vs. pore-volume fraction in Figs. 8-
10. The results were normalized with
the modulus and Poisson’s ratio of
the material without voids. Compari-
son of the finite-element predictions
for Young’s moduli, E; and E_ in
Fig. 8, with those of the analytical
model (8) (isotropic matrix) reveals
that £ /E| (0) and E,/E; (0)—normal-
ized Young’s moduli in the longitu-
dinal and transverse directions,
respectively—obtained by finite el-
ements are in close agreement with
the analytical results at low pore-
volume fractions for a material with
amodulus ratio, £, /E, close to unity.
At higher pore-volume fractions, the
analytical results fall below the fi-
nite-element results, which may be
related to the feature of self-consis-
tent models to underestimate the
elastic stiffnesses at large volume
fractions (15).

Figure 8 also shows that the
anisotropy of the matrix has a small
effect on the normalized elastic
moduli. The normalized effective
moduli slightly decrease with in-
creased anisotropy. The modulus in
the longitudinal direction, & /&, (0),
decreases somewhat faster with V;
than does the modulus in the trans-
verse direction, £ /E.(0), resulting
in a slight decrease in the modulus
ratio for the porous material, as seen
in Fig. 9.

The influence of eylindrical pores
on the shear modulus, G, is illus-
trated in Fig. 10A. Again, analytical
and finite-element results for an iso-
tropic matrix are in good agreement
at low pore-volume fractions, while
the finite-element results exceed the
analytical prediction at high volume
fractions. The normalized shear
modulus, G_,/G, (0), slightly in-
creases with increased anisotropy of
the matrix.
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9. Effect of void-volume fraction on the anisotropy of paper
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Il. Coefficients for polynomial fit of normal-
ized Young's modulus in the longitudinal
direction, £,/E (0)

Ill. Coefficients for polynomial fit of normal-
ized Young’'s modulus in the transverse di-
rection, E/E(0)

E(OVELO) a, a, a,
1.0 -2531 3375 -2179
1.5 -2.578 3.533 -2.328
20 -2655 3.736 -2.467
25 2716 3895 -2.576
30 -2774 4057 -2.697
35 -2.826 4190 -2.788
40 -2876 4319 -2878
45 -2918 4408 -2.932
49 -3.005 4715 -3.207

E(0)VE(0) a, a, a,
1.0 2531 3.375 -~2.179
1.5 -2.405 3.035 ~1.962
2.0 -2.318 2731 1702
25 2347 2844 -1.806
3.0 -2.346 2833 -1.793
35 -2.382 2.927 -1.861
4.0 2406 2990 -1.902
45 —2.473 3.175 -2.035
49 -2.521 3291 -2.109

The finite-element predictions of
the normalized Poisson’s ratio, v,/
v,,(0), in Fig. 10B, are relatively in-
dependent of the anisotropy-v,./
v, ,(0) predicted by the analytical
model agrees with finite-element
predictions at low volume fractions,
but it increases substantially at
larger volume fractions. The discrep-
ancy between analytical and numeri-
cal results may possibly be
attributed to the regular phase ge-
ometry assumed in the finite-ele-
ment model. The Poisson’s ratio for
porous materials is very sensitive to

the phase geometry (16). As a re-
sult, experimental data on Poisson’s
ratio of porous materials show a
large scatter around Poisson’s ratio
of the matrix (16). Gibson and Ashby
(16) thus do not recommend correc-
tion of Poisson’s ratio for the pres-
ence of voids, which seems consistent
with the results in Fig. 10B.

Spherical voids

Figures 11 and 12 illustrate the ef-
fect of spherical voids on the effec-
tive engineering constants. The
matrix anisotropy does not appre-



10. Model results (analytical mode! and finite-element model) showing the effect of void-volume fraction on normalized engineering
constants for a material with cylindrical voids. A: shear modulus, B: Poisson’s ratio.
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V. Measured Young’s moduli for papers pro-
duced from bleached chemical pulp (mois-
ture content = 6.3%)’

parison of Figs. 8 and 10 with Figs.
11 and 12 show that the normalized
elastic moduli for a material with

EL(O)/ET(O) a1 a, a, Ps EMD’ ECD’
kg/m® GPa GPa E,/E_
1.0 -2.758 3.675 -2.101
1.5 -2.604 3297 -1.851 783 9.1 5.6 1.6
20 2419 2.848 —~1.556 923 10.7 8.0 13
25 -2.256 2458 -1.306 796 11.3 4.0 2.8
3.0 -2.118 2112 -1.071 940 14.4 5.6 2.6
35 -1.988 1.758 —-0.813
4.0 —1.876 1.475 -0.619 " Experimental data of Andersson (19)
45 ~1.759 1.186 ~0.427
49 -1.652 0.953 -0.296

spherical voids are approximately
10% larger than those of a material
with cylindrical voids at a void-vol-
ume fraction of 50%.

Hygroexpansion
Finally, the influence of voids on the

hygroexpansion coefficients is con-
sidered. It can be shown theoreti-

ciably influence the normalized
Young’s moduli of a material con-
taining spherical voids, as seen in
Fig. 11. With increased anisotropy
of the matrix, the normalized longi-
tudinal Young’s modulus, £ /E (0),
decreases, whereas the transverse
modulus, E/E(0), slightly in-
creases. The normalized shear modu-
lus, G, /G, .(0), and normalized
Poisson’s ratio, v, /v, (0), increase
with increased anisotropy of the
matrix, as seen in Fig. 12.
Finite-element calculations of the
effective Young’s moduli, shear

modulus, and Poisson’s ratio of an
isotropic material with spherical
voids are very close to the analytical
predictions at low void-volume frac-
tions. At higher volume fractions,
the moduli ealculated from finite el-
ements exceed the analytical pre-
dictions for an isotropic material,
while Poisson’s ratio calculated by
finite elements falls below the ana-
lytical results. The elastic constants
for an isotropic matrix containing
spherical voids calculated by finite
elements are generally within
Hashin’s rigorous bounds (17). Com-

cally that voids do not influence the
coefficients of hygroexpansion (18).
Consequently, there is no need to
correct the hygroexpansion coeffi-
cients for the presence of voids.

Some useful expressions
for cylindrical voids

As discussed earlier, Corte (5) con-
sidered the pores in a sheet of paper
as minute tubes running through the
thickness of the material. Hence, the
finite-element results for cylindrical
pores should be most appropriate
for predicting the elastic stiffnesses
of paper. To make the finite-element
results more accessible, the normal-
ized elastic moduli for a material with
cylindrical pores (Figs. 8 and 10) can
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11. Model results (analytical model and finite-element model) show-
ing the effect of void-volume fraction on normalized Young’s moduli
for a material with spherical voids. A: modulus in the longitudinal
direction, B: modulus in the transverse direction.

12. Model results (analytical model and finite-element model) show-
ing the effect of void-volume fraction on normalized engineering
constants for a material with spherical voids. A: shear modulus, B:
Poisson’s ratio.
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conveniently be represented by the
following expression,

(6)

where x= V,andy = E /B, (0), E/
E(0), or G /G (0.

The parameters a,, a,, and a, were
determined by linear regression
analysis and are listed in Tables II-
IV. The correlation coefficients
ranged between 0.96 and 1.00, which
indicates accurate curve fits.

- 2 3
y=l+ax+ax’+ax
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Correlation with
experimental data

Elastic modulus

Consistent experimental data on
elastic constants of paper as a func-
tion of density are rare. In this sec-
tion, some available experimental
data on elastic moduli of paper sheets
are compared with model predic-
tions. ‘
Data on the geometry and distri-
bution of pore sizes in the actual pa-
per sheets considered in the
experimental work are not available.
According to Corte (5), it is reason-
able to expect that the voids may be
considered as capillary tubes ori-

ented through the thickness. The
pores are thus assumed to be cylin-
drical, with the axis along the thick-
ness direction. The volume fraction
of pores in a paper sheet, V,, can be
caleulated from the apparent den-
sity, pg, of a paper sheet (1).

Vo=1-(ypo) 7

where p is the density of the cell
wall [p, = 1500 kg/m? (3)).

Baum et al. (18) studied the de-
pendence of moisture content on the
elastic constants of linerboard with
a modulus ratio, £ /E,, of approxi-
mately 2.5 (density range p, = 600-
800 kg/m?). These data are compared
with the model results.



13. Calculated and measured (715) Young's and shear moduli of

linerboard as functions of relative humidity

14. Calculated and measured (715) Poisson’s ratio of linerboard as

functions of relative humidity
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Vi. Calculated Young's moduli in the MD and CD for papers produced from bleached chemical pulp (moisture content = 6.3%)

Sheet

density Baseline

(py) E (0), E_(0), E, E,
kg/m? v, GPa GPa E,(0)E (0) E,/E,(0) E/EA(0) GPa GPa
783 0.48 41.0 255 1.8 0.301 0.307 123 7.83
923 0.39 36.8 28.3 1.3 0.386 0.400 14.2 11.3
796 0.46 56.6 20.2 2.8 0.325 0.340 18.4 6.85
940 0.36 54.8 19.4 2.6 0.400 0.440 21.8 8.54

The elastic constants of void-free
paper are first calculated at various
moisture contents using the lami-
nate model discussed in Part 1 (2).
(See Table II in Part 1.) From the
volume fraction of pores calculated
from p using Eq. 7 and linear inter-
polation of Tables I1-IV, the effec-
tive elastic constants of papers
containing pores were calculated.

Figure 13 shows the effect of rela-
tive humidity on the theoretical and
experimental elastic constants of
linerboard. To simplify comparison,
the theoretical and experimental
moduli were plotted in different
scales (left and right, respectively)
that differ by a factor of two (theo-
retical/experimental). It is found that

the moduli obtained from the ana-
lytical model exceed the experimen-
tal values by a factor of about two.
This is a substantial improvement
from the results in Part 1 (2), where
voids are neglected and the theo-
retical moduli exceeded the experi-
mental moduli by a factor close to
seven. The remaining overprediction
of the moduli is most likely due to
the assumption of uniform strain in
the laminate model, which gives up-
per-bound estimates of the moduli
(15).

The Poisson’s ratio (with no cor-
rection for voids, as discussed ear-
lier) is close to the experimental
values, as seen in Fig. 14.

Experimental modulus data for
papers made from bleached chemi-
cal pulp with a relatively narrow
range of sheet densities are pre-
sented in Table V (19). The baseline
Young’s moduli in the MD and CD
{no voids) were calculated from the
laminate model (2) by selecting the
fibril-orientation parameters so that
the modulus ratio, £, /E, coincided
with the experimental ratio. Table
V1lists sheet densities, volume frac-
tions of pores, and baseline Young’s
moduli caleulated using the laminate
model. The normalized Young’s
moduli, £ /E (0) and E /E (0), for
the actual pore-volume fractions are
obtained from Tables II and I11. The
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calculated effective Young’s moduli
of the paper sheets are listed in Table
VI.

Comparison of the experimental
and predicted moduli (Tables V and
VI) reveals that the predicted
Young’s moduli exceed the experi-
mental results. This is again attrib-
uted to the assumption of uniform
strain in the laminate model, lead-
ing to upper-bound values (15).

Hygroexpansion

Hygroexpansion coefficients mea-
sured for paper sheets made from
chemical pulp (19) are listed in Table
VII. It is apparent that the geomet-
ric mean of the coefficients of
hygroexpansion, (B, B.,)", is almost
independent of apparent density for
a given pulp. The experimental data
thus support the analytical predic-
tion of invariance of 3 with void con-
tent.

Conclusions

Finite-element analysis was used to
examine the influence of voids in
orthotropic materials. Extensive
parametric finite-element analyses
were performed to generate elastic
stiffnesses of porous materials with
cylindrical and spherical voids at
various volume fractions and mate-
rial anisotropies.

The presence of voids results in
substantial decreases in the elastic
moduli of paper, while the
hygroexpansional coefficients are
unaffected by voids. The elastic con-
stants normalized with their void-
free (matrix) values were found to
depend only slightly on the anisot-
ropy of the matrix. The elastic
stiffnesses for an isotropic matrix
with voids obtained from finite ele-
ments were in good agreement with
analytical results for an isotropie
matrix at low void-volume fractions,
but the analytical model underesti-
mates the Young’s and shear moduli
at high volume fractions.
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V. Measured coefficients of hygroexpansion for papers produced from bleached chemical
pulp. (Standard deviations are given within parentheses.)’

Sheet

density

(Pg)

kg/m? VP E MD/E cD BMD BCD (B MDB CD) "
780 0.48 1.6 0.17  (0.07) 0.32 (0.11) 0.23
800 0.47 2.8 0.11  (0.09) 0.44 (0.18) 0.22
920 0.39 1.3 0.14  (0.09) 0.22  (0.11) 0.18
940 0.37 2.6 0.11  (0.06) 0.38 (0.16) 0.20

* Experimental data of Andersson (19)

Based on previous research on the
structure of voids, the assumption
of cylindrical pores through the
thickness of the sheet appears to be
most suitable for analyses predict-
ing the elastic constants of paper.

The moduli exceed the experimen-
tal values by a factor of about two.
The overprediction of the moduli is
most likely due to the assumption of
uniform strain in the laminate model,
which tends to give upper-bound es-
timates of the moduli. The Poisson’s
ratio was in closer agreement with

experimental values.
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