Influence of voids on the
engineering constants of paper
Part 1: Continuum modeling
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. ABSTRACT: The influence of voids on the engineering elastic
constants of paper is investigated in two parts. Part 1 describes a.
continuum micromechanical model thar generates in-plane

elastic constants and moisture-expansion coefficients of void-free
papers composed of chemical pulp fibers. Predictions from the
‘model are compared with existing experimental data from the
literature. The modeling of voids, correction of baseline
properties for voids, and further experimental comparisons are

‘reported in the second part of the study
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L\ {I odeling of the heterogeneous
structure of paper presents
substantial obstacles beeause the

ectrum of void and fiber geom-
‘etries, fiber orientations, and de-
grees of bonding. Accordingly, a
ange of idealized micromechanical
‘theories have emerged’ since the
arly 1950s.

-+ Bteenberg (1) approached the vis-
coelastic response of paper by a phe-
Tomenological model based on an
‘assemblage of springs and dashpots,
‘but the fivst micromechanical model
as developed by Cox (2}, who con-

heet structure contains such awide

sidered paper as a geometrical net-
work of centinious fibers and de-
rived the elastic properties of the
sheet in terms of the axial modulus
of the fibers, Many researchers (e.g,,
3~7) extended Cox’s theory to incor-
porate various microscopic features
of the network structure of paper,
such as finite fiber length, bonds,
ete. The network models should be
most appropriate for low-density
papers, where free fiber segments
are clearly identifiable. At higher
apparent sheet dengities, the fibers
attain a more closely packed con-
figuration, and the sheet loses
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its network character. Nissan (8)
considered paper as a hydrogen-
bonded homogeneous solid and de-
rived the elastic constants from =z
Morse function governing the elon-
gation of hydrogen bonds. Con-
tinuum models based on a
eomposite-materials approach have
been developed by Salmen et af. (9)
and Schulgasser and Page (10), who
treated paper as having a homoge-
neous structure composed of cell-
wall material that is bonded together
throughout the entire volume of the
paper. Although such models pro-
vide insight into the mechanical re-
sponse of paper, they can not readily
be applied for guantitative predic-
tions of elastic moduli, since the pres-
ence of voids in a material reduces
the elastic stiffnesses (11, 719).

- We will describe the modeling of
papers containing voids in two parts.
Part 1 addresses the development of
a continuum laminate model for pre-
dicting baseline elastic properties
and hygroexpangion coefficients for
papers without voids, Part 2 will dis-
cuss the influence of voids on the
hygroelastic response of paper (13},

Analysis

Laminate model

Laminate modeling of paper re-
quires (a) determination of the elas-
tic constants and coefficients of
hygroexpansion of the constituent
plies of the laminate and (b) specifi-
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1. Cell wall of a wood fiber. The middle lamella s composed of
llgnin; 8,, §,, and S, represent the three layers of the seconidary

wall,

2. Laminate mode! of paper

...........

———— Primary Cell-wall

layers’

Middle
famella

. T,CD

‘L,MD

cation of the orientation of the plies
with respect to the principal sym-
metry axes of the sheet. Summa-
tion of the contributions of each
congtituent ply provides the elastic
and hygroex- pansional responses
of the laminate.

The main structural unit of g
sheet of paper is the wood fiber.
Wood fibers resemble a hollow
tube, as seen in Fig. 1, where the
hollow region is called the lumen
(14). The eell wall consists of highly
crystalline cellulose fibrils sur-
rounded by amorphous hemicellu-
lose and lignin. As shown in Fig. 1,
the cell wall resembles a conting-
ous, fiber-reinforced composite,
with the cellulose reinforcements
embedded within a matrix of hemi-
cellulose and lignin (15). Cloge ex-
amination of the fiber cell wall
reveals that most of the lignin is
located in the middle lamefla be-
tween the fibers. The modulus of
the wood fiber is largely governed
by the 8, layer and its fibril angle,
®, which ranges between 10° and
30° (16). In the modeling of paper,
we will assume that the mechanical
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l. Mechanical properties of cellulose and

- hemiceliulose a1 dry condition

3. Orientation of a wood flber In a paper -

sheet (8) and of the fibrils within the wood

Cellulose Hemices"ﬂul-qse"
E, =134 GPa E=8.0GPa
E,=27.2 GPa -

v, =0.10 v =033
G,;=4.4GPa

p=1500kg/m®  p= 1500 kg/m?®

Based on data from the literature {15,
20, 21)

fiber_ (q) _ ‘

responge of the wood fiber is en-
tirely dominated by the S, layer.
The laminate model of paper thus
considers the 8, layer as the main
struetural unit and not the fiber per
se. 'The orientation distribution for
the fibrils is ealeunlated from the fi-
ber-orientation-distribution Tunetion,

which is experimentally aceessible.
The fibril-orientation distribution is
agsumed to be symmetric with respect
to the midplane, machine directio
(MD), and cross-machine direetion (CD)
of the sheet. Based on laminated-plate
theory {17), it ean be shown that the
constitutive relation for such a sheet is

UNG'S MODULUS (E), GPa:

LT



4. Effect of fibril orientation on the engineering elastic constants for sheets producsd from bleached chemical pulp. A: longitudinat and
transverse Young's moduli and the geometric mean modulus, B: in-plane shear modulus and Poisson's ratia.

b a paper:
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II. Elastic constants of paper calculated from laminate model at vartous fibrll orlentations at ~ 4; = extensional stiffnesses of the lami-

dry condition

E. ET‘ Gw
a,, A5, GPa GPa GPa v, EJE,
0 1] 33.9 33.9 12.8 0.325 1.00
0.50 0.125 41.7 27.7 12.2 0.382 1.51
0.75 0.282 48.3 26.1 11.5 0.401 1.85
1.09 0.500 51.5 22.8 9.51 0.408 2.26
1.20 0.721 56.1 21.1 8.32 0.401 2.65
1.40 0.984 61.1 19.6 . 6.97 0.382 311
1.60 1.28 66.2 18.2 542 0.345 3.64
‘ where the subseripts L and T re-
Ny F AL ALD g fer to the longitudinal (MD) and
. . transverse (CD) direction of the
Np [+ Fr| = | Au4,0 || & [(1) _sheet, as seen in Fig. 2, and where
Nl |o 0 0 Ayl v, N, N, N ;= mechanical stress resultants

F,, F.= effective hygroscopic forces

nate (17) fori, j=1,2,6

€

By = normal strains

g, = shear strain.

The effective hygroscopic forces, F
and F,, in a paper sheet of » plies are
given by an equation presented in an
earlier work (18).

F,=AM kg.l @) Bk @

for

0j =1,26

where

F = F,, effective hygroscopic force
in MD

F, = F,, effective hygroscopic force
in CD

AM = incremental moisture content

Q; = transformed reduced-ply stiff-
ness (17)

Ej = transformed coefficient of

hygroexpansion of s ply, de-
fined as the moisture-induced
strain (see Eqs. 4 and 5) di-
vided by AM (see Eq. 6)
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5. Calculated elastic moduli (leit scale, continious curves) and
experimental values (27} (right scale, individual data points) a
functions of humidity for sheets produced from chemical pulp

as

6. Calculated and experimental (27) Poisson’s ratio as a function of
. humidity for sheets produced from chemical pulp
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h, = thickness of the kih ply in the

. Elastic constants of paper calculated from laminate model at various relative humidities

laminate,
The engineering elastic constants Relative
are obtained from the laminate humidity, — E, En Gy
stiffnesses according to Salmen ef % GPa GPa _-GP? ; N}p EJE;
al. (9). 0 54.2 21.8 . 9.93 0.406 2.49
E ={A —~(A YA YA Ta 20 54.0 214 9.81 0.409 2.53
L= 1y~ (A TA )] @) 40 53.6 20.8 9.64 0.413 2.58
_ 50 53.2 20.2 9.48 0.418 2.63
‘ Ep =4y~ (ATA, VR (3b) 60 52.3 18.7 " 9,06 0.431 2.87
70 51.8 17.8 8.79 0.441 2.92
Vip= A A, (3c) 80 50.8 16.0 8.29 0.460 3.18
G =Afh (3d)
where
where B,=0 (6c)

E, B, =Young’s moduliin the MD and
CD, respectively

Vi = major Poisson’s ratio
Gy, . = in-plane shear modulus
h = total laminate thickness.

To calculate the ecefficients of
hygroexpansion for the laminate, Eq.
1—the constitutive relation—is con-
gidered, but with no exte1 nal forces
acting,

FT AIZ AZ'I e’F (4)
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&1, 6, = moisture-induced straing of the
laminate in the MD and CD,
respectively.

The moisture-induced strains of
the laminate are obtained by inver-
sion of Eq. 4.

e = ApF ~AF A A, - A (5a)

er=(AF ~A AL, — -4, 2) (5b)

The coefficients of hygroexpansion
of the laminate are defined as

B, = e /AM (6a)

B, = e JAM (6b)

Fiber-orientation distribution

The orientation of the fibers in a
paper sheet is a fundamental strue-
tural variable, If the orientation
angle of a fiber with respect to the
MD is taken as 0, as depicted in Fig.
3, the relative amount of fibers ori-
ented in an angular region around 9
can be represented by a probability-
density function f8) (10), where
A@)de is the fraction of fibers be-
tween the angles 6 and 6 + d8. The
term f(0) is commonly represented
by a Fourier series (10).

SV, Hyg
. content

where

T

- Sinee
BUITHO:
to the
terms
We w.

- toine
and a



ction of " 7. Caloutated and experimental {27} modulus ratic as a function of 8. Effect of fibril orientation on the hygroexpansion ratio and geo-
B hurnidity for sheets produced from chemical pulp metric mean of hygroexpansion coefficients for sheets produced
i from bleached chemical pulp
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content
e where
‘a,, a, B, 8, 5,8, E/E, (8,,)% Ggq and oy, = Fm‘n'ier f.:oafffic.ients
JE: S S S S : , e serving as fibril-orienta-
— 0 0 0.130 0.130 1,00 1.00 0.130 tion parameters, with
49 . 020 002 0.118 0.142 1.20 1.21 0.129 the subscript “C” denot-
53 = 0.40 0.08 0.107 0.153 1.43 1.47 0.126 ing cellulose fibrils.
£8 70,60 0.18 0.096 0.163 1.68 1.79 0.122
63 L 0.80 0,21 0.087 0.170 1.94 218 0.119 Notice that for isotropic sheets (ran-
87 1.00 - 050 | 0.079 . 0,173 . 219 2.65 0,106 dom ﬁber Orientation) a(_:l and U’CZ :
92 1.20 072 0.071 0.170 237 3.24 0.107 are zero, and ﬂe) = 1/, We Wﬂl :
'1_8- = - assume here that the fibril-orienta- !
tion parameters are related by the
following approximate relation de-
. . . rived by Schulgasser (19).
(60)., J(B) = During stock preparation, the hol- y g (19)
(1 +a,, cos 28+ ap, cos 40 + low lumen in the center of the fiber Gy = g2 (10)
a . By c0s 60 )i o commonly collapses, and the fiber
1
o L ~ assumes 4 band-shaped stl.uctule Micromechanical modeling
8 In & ‘where {6). For such a collapsed fiber of of the cell wall
strue- orientation 8, it is recognized that

@, and a,, = Fourier coefficients serv-
' ing as fiber-orientation
parameters, with the
subseript “F” denoting fi-

the fibrils will be oriented in the di- As discussed previously, the main

- rections § + oand 6 - o, withrespect,  constituents of the wood fiber are
to the MD, as illustrated in Fig. 3.  cellulose, hemicellulose, and lignin, |
The orientation distribution of the 10 this study, attention is limited to

L : bers, fibrils is then modified according to ~ delignified fibers, but lignin will be !
Since the distribution of fibers is as- Schulgasser and Page (10). incorporated in a future study. Cel- ‘
sumed to be symmetric with respect Iulose fibrils are eonsidered as trans-

o the MD and CD), only even cosine 18 = (1 + 4, c0s 20 +a,,, cos 40)/n (8) versely isotropic, while hemicellulose |
terms are included, In the following, where : is considered as isotropic. Table I
we will truncate the Fourier series summarizes data on mechanical :
to include only two parameters, a, properties and densities of hemicel- j
and - ' _ lulose and cellulose at dry conditions. ‘

ey =0y, €08 200 (9a)
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These data are based on estimates
for cellulose by Mark (75} and mea-
surements on cellulose by Sakurada
et al. (20) and on hemicelluloge by
Cousins (21).

The cell wall is considered as a
unidirectional composite, with the
matrix composed of hemieellulose
and the reinforcements consisting
of cellulose fibrils of eircular cross
section, as fllustrated in Figs.  and
2. For the delignified fibers consid-
ered herein, the volume fractions of
the reinforcements and matrix are
approximately: V, = 055 and V_ =
0.45 (9). Based on the Halpin-Tsat
micromechanics estimates of ecom-
posite properties (22) and the vol-

ume fraections and mechanical:

properties of the constituents listed
in Table I, the following elastic con-
stants of the cell wall (dry) are ob-
tained: B, = 77.83 GPa, E, = 15.8
GPa, G, = 3.70 GPa, and v, = 0.204.

The elastic constants of the cell
wall over a relative humidity range
cah be obtained by incorporating
moisture softening of the hemicellu-
lose matrix (9, 28). 'The coefficients
of hygroexpansion of the cell wall, 3,
and B,, ean be calculated from
micromechanies (24) assuming a uni-
form moisture content, isotropie
swelling, and volume additivity for
the hemicellulose matrix (9, 23).
Micromechanical ealeulations indi-
cate a slight dependence of 8 and 8,
on moisture content (23), At a mois-
ture content of 9%, 5, = 0.024 and 3,
= (.50 (23).

Results and discussion

Elastic constants

With knowledge of (a) the elastie con-
stants and coefficients of hygroex-
pansion of the constituent cell-wall
plies and (b) the fibril-orientation-
distribution function, it is possible
to establish the corresponding elas-
tic constants of the laminate (paper)
via the extensional stiffnesses A, cal-
culated as outlined in the Appendix
and Eq. 3.
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V. Hygroexpansion coefficients calculated from model and data of Salmen et af. (9)°

expansion Salmen er a! (9) I
coef- Experi- ' Lamma!e ‘Present
ficients mental . “madel . modef .

- Isotropic B 0.107 0129, 0.181
Oriented B, 0,059 0030 Cepor
Oriented B, 0.216 +*0.335 ’ 0174
(BB 0.113 '0100 ) : 0111
‘Experimental data for isotropic and oriented sheets rnade Erom bleached chemical pulp
at 9% moisture content (3} :

The engineering constants of igo-
tropie and oriented paper sheets (at
dry condition) were caleulated for
various fibril-orientation param-
eters. Each set of orientation pa-
rameters eorresponds to a unique
set of elastic constants of the paper.
A convenient way to express the
anisotropy of the sheet is by the
modulus ratio, £ /I, and this con-
vention is followed throughout this
study.

Table Il summarizes the calcy-
lated engineering constants at vari-
ous fibril-orientation parameters.
Figure 4 shows plots of the elastic
constants vs. modulus ratio. As ex-
pected, Fig. 4A shows that &, in-
creases and E, decreases with
inereased fibril orientation along the
MD. The geometric mean of the
moduli, (& _E ) remains constant,
independent of the fibril orientation.
Htun and Fellers (25) experimen-
tally demonstrated invariance of
(B E'* for paper sheets of various
fiber ovientations. Figure 4B shows
that the shear modulus, G, de-
ereases with inereased fibrﬂ orien-
tation, while the Poigson’s ratio, Vi
goes through a maximum at about
E (B =275

The literature contains very little
consistent data on K|, &, G, and
v, for papers made from the same
type of pulp but with various fiber
orientations. Szilard (26) proposed
that the shear modulus is governed
by the geometric mean modulus,
which was substantiated by experi-
mental data of Baum et al. (27) for

several different papers, Such a re-

lationship would contradict the lami-

nate model results, where the
geometric mean modulus remains
constant (Fig. 4A), while the shear
modulus decreages (Fig. 4B) with
increased sheet anigotropy. More ex-
perimental data are required to fur-
ther investigate this igsue. Poisson’s
ratio, v, ., was experimentally found
to increase with increased fiber ori-
entation (27), but the data are for
different papers, which complicates
comparison with the present model.

More extensive experimental data
exist on the mechanical properties
for a given paper over a range of
relative humidities (27). We selected
linerboard data of Baum et al, (27)
for comparison because of the chemi-
cal similarity with the fibers consid-
ered in the laminate analysis. To
enable comparison with the experi-
mental data, the fibril-orientation
parameters of the model were ad-
justed to provide a sheet that, at
low-humidity conditions (20% RH),
had a similar modulus ratio, &, /E,
as the sheet studied exper 1menta11y
(27}, The moisture content and the
modulus of the hemicellulose at any
given RH can be obtained from the
absorption isotherms provided by
Cousing (21). The elastic constants
were then caleulated over a range of
relative humidities from zero to 80%,
and these results are presented in
Table II1.

Figure 5 shows experimental (27)
and calculated moduli &, F, and
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G, over the range of relative hu-
midities considered. To simplify com-
parison, the theoretical and
experimental moduli were plotted in
different scales (left and vight, re-
spectively) that differ by a factor of
6.67 (theoretical/experimental). The
substantial difference between theo-
retical and experimental moduali is
obviously largely a result of the eon-
tinuum modeling. While the analyti-
cal results correspond to sheets with
zero void content, the actual sheets
examined by Baum et al. (27) con-
tain more than 50% voids, which, as
will be further discussed in Part 2
(13), substantially reduces the cal-
culated moduli. Qualitatively, how-
ever, the results are in reasonable
agreement, although the experimen-
tal modulus in the MD drops faster
with increased RH than the theo-
retically calculated modulus.

Figure 6 shows the ealeulated and
experimental Poisson’s ratio, Vi
over arange of relative humidity. As
will be discussed in Part 2 (73), the
Poisson’s ratio is less sensitive to
voids than the elastic stiffnesses,
which may explain the relative close-
ness of the results.

Figure 7 shows experimental and
theeretical results for modulus ra-
tio, B, /K, over a range of relative
humidity, At high relative humidi-
ties, the model predicts a larger ra-
tio than borne out by the
experiments. This is obviously the
result of the model underestimating
the softening influence of &, atlarge
relative humidities, as seenin Fig. b.

Coefficients of hygraexpénsion

The coefficients of hygroexpansion,
© B, and B, for isotropic and oriented
paper sheets were calculated from
Eq. 6 at a moisture content of 9%.
The results ave listed in Table IV. It
is found that with increasing fiber
orientation, §; decreases whereas B,
increases, which is in qualitative
agreement with experimental data
(9). Figure 8 compares the
hygroexpansional ratio, B,/B,, with
the elastic-modulus ratio, E/E. B/
B, is'very close to B /E, at low

anisotropies, but the ratio deviates
from the linear trend at B /B, = 2
The geometric mean (B /B )" is al-
most constant with increased anisot-
ropy, in agreement with exper-
imental data (9).

Table V compares the coefficients
of hygroexpansion obtained by the

~ diserete laminate model of Salmen

et al. (9) and those obtained from
the present model with experimen-
tal data for isofropic and oriented
sheets. The laminate model of
Salmen et al. (9) fairly accurately
predicts the coefficient of hygroex-
pansion for the isotropic sheet, but
it underestimates B, and overesti-
mates B, for the oriented sheet. The
present laminate model is in much
closer agreement with the experi-
mentally observed data for both the
isotropic and oriented sheets, Aswill
be discussed in Part 2 of this study
{18), voids do not influence the coef-
ficients of hygroexpansion.

Conclusions

The eomposite laminate model gen-
erates baseline elastic constants and
coefficients of hygroexpansion for
void-free paper sheets made from
chemical pulp. The model demon-
strates that geometric mean modu-
lus, (B, E)", is independent of
anisotropy, which is in agreement
with experimental trends. However,
the model shows a decrease in shear
modulus with increased alignment
‘of the fibrils in the machine direc-
tion, which appears to be in conflict
with experimental data.

The influence of relative humid-

- ity on the elastic constants was cal-

culated and compared with
experimental data for linerboard
(27). The caleulated elastic and shear
moduli were much larger than the
experimental values, which is largely
attributed to the neglect of voids in
the laminate model. These results
clearly point to the need of incorpo-
rating voids in the modeling of the
elastic stiffnesses of paper, which is
the subject of Part 2 of this article
(13).

The calculated elastic moduli de-
creased with relative humidity.
These results are qualitatively simi-
lar to the experimental data, with
the exception of the Young’s modu-
lus in the machine direetion, E,
which was less sensitive to humidity
than observed expevimentally. The
coefficients of hygroexpansion were
in good agreement with experimen-
tal data by Salmen et ol (9), and
there is no need to correct
hygroexpansion eoefficients for the

presence of voids.
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