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nificant contribution to viscosity. The
effect of carbonates at low levels is
not important and can be ignored. It
was also shown that black liquor at
low solids concentrations (≤ 50%) can
be treated as a polymer solution (2),
and theories developed for dilute
polymer solutions were used to de-
fine the viscosity behavior of black
liquors at concentrations lower than
50% solids. Because of the strong
dependency of viscosity on tempera-
ture and solids concentration, it is
difficult to use response surface
methods to study the joint effect of
variables on viscosity at every tem-
perature and solids content. Since
the effects of temperature and sol-
ids concentration on viscosity can be
combined into a single variable by
application of the correlation method
based on corresponding states (2)
for any black liquor of constant sol-
ids composition, data for individual
liquors were used to develop such
correlations for each liquor individu-
ally. Differences in such correlations
for different liquors are the result
only of differences in pulping condi-
tions or of differences in the solids
composition arising from differences
in pulping conditions. In this man-
ner, the effects of solids composition
arising from differences in pulping
conditions can be partitioned and
correlated separately.

The correlations of reduced kine-
matic viscosity as a function of the
combined variables for solids con-
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In an earlier paper (1), two-dimen-
sional viscosity plots were used

to study the effects of black liquor
composition on viscosity, and it was

concluded that lignin concentration,
lignin molecular weight, and sodium
ion and other inorganic ion concen-
trations in black liquor make a sig-
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which represents this slope in the
limit, was set constant at the aver-
age value (466.4°K) determined from
best correlations of each reduced-
viscosity curve, and the reduced-vis-
cosity curves were correlated again
with a1 treated as a universal con-
stant. In this manner, the liquor vis-
cosity variations due to variations in
solids composition arising from dif-
ferences in pulping conditions can be
represented by differences in the
constant a2. The values of a1 and a2,
and the new values of a2 with a1
treated as a universal constant, are
summarized in Table I.

As described earlier (1, 2), the li-
quors used in this work to determine
the effects of pulping conditions or
solids compositions on liquor viscos-
ity quantitatively are from a two-
level, four-variable factorially
designed experiment with center and
star points for kraft pulping of slash
pine. The resulting rotatable com-
posite design, with a total of 25 sepa-
rate pulping conditions, supplies

II. Pulping conditions and H factor for slash pine black liquors*

Cook no. t, min T, °C EA, % S, % h

ABAFX011,12 40.0 165.6 13.0 20.0 555.5
ABAFX013,14 80.0 176.7 13.0 20.0 2731.7
ABAFX015,16 80.0 165.6 16.0 20.0 893.0
ABAFX017,18 40.0 176.7 16.0 20.0 -
ABAFX019,20 80.0 165.6 13.0 35.0 838.5
ABAFX021,22 40.0 176.7 13.0 35.0 1499.5
ABAFX023,24 40.0 165.6 16.0 35.0 631.2
ABAFX025,26 80.0 176.7 16.0 35.0 2594.7
ABAFX027,28 80.0 165.6 13.0 20.0 982.0
ABAFX029,30 40.0 176.7 13.0 20.0 1401.5
ABAFX031,32 40.0 165.6 16.0 20.0 473.3
ABAFX033,34 80.0 176.7 16.0 20.0 2606.2
ABAFX035,36 40.0 165.6 13.0 35.0 574.7
ABAFX037,38 80.0 176.7 13.0 35.0 2421.7
ABAFX039,40 80.0 165.6 16.0 35.0 977.1
ABAFX041,42 40.0 176.7 16.0 35.0 1433.0
ABAFX043,44 60.0 171.1 14.5 27.5 1270.1
ABAFX051,52 60.0 182.2 14.5 27.5 3066.9
ABAFX053,54 60.0 171.1 11.5 27.5 1236.8
ABAFX055,56 60.0 171.1 17.5 27.5 1234.1
ABAFX057,58 60.0 171.1 14.5 12.5 1248.5
ABAFX059,60 60.0 171.1 14.5 42.5 1178.7
ABAFX069,70 60.0 160.0 14.5 27.5 561.1
ABAFX073 100.0 171.1 14.5 27.5 1993.3
ABAFX075,76 20.0 171.1 14.5 27.5 513.66

*t=cooking time, T=cooking temperature, EA=effective alkali, S=sulfidity, h=H factor

2. Contour plot for a2 as a function of sulfidity and effective alkali at constant cooking
temperature (440°K) and cooking time (80 min)
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perform the empirical study between
the viscosity (constant a2) as the mea-
sured response to the input variables
of pulping, which consist of effective
alkali, sulfidity, and cooking time and
temperature. With this technique,
the effect of a given set of variables
on a particular response can be stud-
ied, the setting of inputs (if any) that
satisfies the desired specification can
be recognized and, finally, the val-
ues of the inputs belonging to the
stationary points of the response sur-
face can be specified.

To develop plots of the response
surface and contours, the following
general multiple regression linear
model, which consists of the main
effects, interactions, and quadratic
terms, was used:

     SEE PAGE 116 FOR EQUATION 3

where Y is the estimate for the de-
pendent variable (response a2), and
the Xi’s are independent variables
(here, EA, S, T, and t) that are known
for each experimental run. The con-
stants ßo, ßi, ßij, ßijk, ßijkl, and ßii are
the regression parameters. The pa-
rameter ßo is the y intercept and is
used as part of the predictive equa-
tion. The other parameters (ßi...ßii)
in the multiple regression model are
partial slopes, and these represent
the expected change in y for a unit
increase in the corresponding inde-
pendent variable (4). Xi’s are the
main (linear) effect terms for each of
the qualitative independent vari-
ables, XiXj’s account for the two-vari-
able interactions, XiXjXk’s specify
three-variable interactions,
XiXjXkXl’s indicate four-variable in-
teractions, and the Xi

2 terms indi-
cate quadratic effects. The above
model consists of four linear terms;
six two-variable interactions, four
three-variable interactions, one four-
variable interaction, four quadratic
terms, and the constant ßo, a total of
twenty parameters.

Before using Eq. 3 for surface re-
sponse and contour analysis, we used
the least squares regression
(LSREG) procedure (5), which

5. Three-dimensional plot for a2 as a function of effective alkali and cooking time at constant
cooking temperature (450°K) and sulfidity (27.5%)

6. Contour plot for a2 as a function of effective alkali and cooking time at constant cooking
temperature (450°K) and sulfidity (27.5%)
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nificant at a level of 0.034, and the
cross products (two-variable inter-
actions) are significant at a level of
0.030. The total regressors are sig-
nificant at a level of 0.015. These
results indicate that the viscosity
response of black liquor to the
pulping variables is highly nonlin-
ear. Although the linear terms make
the largest contribution to the re-
sponse, the quadratic terms and
cross products are also important.
This indicates that, in addition to
these terms, higher-order interac-
tions should be included when a pre-
dictive model is chosen. Therefore,
Eq. 3 was chosen for analysis of the
response.

The canonical analysis of the re-
sponse surface indicates that the sta-
tionary point (maximum, minimum,
saddle point, or flat area) is a saddle
point, and the predicted value of a2
at the stationary point is equal to
1.670 x 106, which is approximately
in the center of the a2 values. The
input variables at the stationary
point are S = 34.56%, EA = 17.38%,
T = 442.96°K, and t = 28.64 min;
these fall in the input space of the
pulping experiments. The four eigen-
values and the corresponding eigen-
vectors were also determined using
the RSREG procedure. The eigen-
values corresponding to the cooking
time and cooking temperature (with
a larger absolute value for cooking
time) have negative signs, while
eigenvalues corresponding to
sulfidity and effective alkali are posi-
tive (with a larger value for sulfidity).
The order of the absolute value of
the eigenvalues is:

|λ
t
| > |λ

S
| > |λ

T
| > |λEA|

This indicates that eigenvectors cor-
responding to cooking time and
sulfidity give a direction of steepest
ascent, and the eigenvectors corre-
sponding to cooking temperature
and effective alkali give a direction
of steepest descent.

8. Contour plot for a2 as a function of lignin molecular weight and lignin concentration at
constant sodium ion concentration (0.145 g/g solids) and inorganics ion concentration (0.04
g/g solids)
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weight (9580)
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Three-dimensional surface
and contour plot analysis

Since higher-order interactions are
important in terms of viscosity, Eq.
3 was used to perform geometric rep-
resentation of the response variable
at different input conditions. The re-
gression (REG) procedure in SAS
(5) was used to estimate the model
parameters of Eq. 3. For this model
r2 = 0.94, which is a very good fit,
and the model residuals are very low.
Since there are four independent
variables, two of them must be fixed
to perform a three-dimensional sur-
face response or a contour plot.

Figures 1 through 6 are examples
of the response surfaces and their
contour plots. Figures 1 and 2 rep-
resent the three-dimensional re-
sponse surface and contours for a2
as a function of effective alkali and
sulfidity at a constant cooking tem-
perature of 440°K and a cooking time
of 80 min. The viscosity response is
a falling/rising ridge with respect to
sulfidity and effective alkali. The con-
tour plot (Fig. 2) indicates that, at a
sulfidity level above 25.8%, an in-
crease in effective alkali reduces the
viscosity. Below this sulfidity level,
an increase in the effective alkali
level up to 13.4% reduces the viscos-
ity; after that, viscosity increases
with the effective alkali level. Also,
when the effective alkali level is
lower than 13.4%, increasing
sulfidity increases the viscosity; how-
ever, above this effective alkali level,
the viscosity decreases as the
sulfidity level is increased. Note that
this is true for the specific levels of
cooking time and cooking tempera-
ture. The behavior of the response
variable as a function of sulfidity and
effective alkali may be different at
other cooking time and cooking tem-
perature levels.

Figure 3 represents the effects of
cooking time and temperature on vis-
cosity at a constant effective alkali
of 13% and sulfidity of 27.5%. The
viscosity response to cooking time
and temperature is a rising/falling
ridge. The contour plot (Fig. 4) at

this level of effective alkali and
sulfidity indicates that, at cooking
temperatures below about 445°K,
increasing the cooking time de-
creases the liquor viscosity. Also, at
any cooking time, the viscosity re-
sponse increases with the cooking
temperature up to a point; after that,
the viscosity decreases with further
increase in cooking temperature. In
general, the higher the cooking time,
the lower the cooking temperature
at which the viscosity response starts
to decrease with cooking tempera-
ture.

Figures 5 and 6 are the response
surface and the contour plots of vis-
cosity with respect to effective alkali
and cooking time at a constant cook-
ing temperature of 450°K and a
sulfidity of 27.5%. The surface is a
falling ridge with respect to both ef-
fective alkali and cooking time; an

increase in the cooking time reduces
the viscosity at any level of effective
alkali. Also, the viscosity decreases
with increases in the effective alkali
level at all cooking time levels.

Models and residual analysis
The predictive models for a2 were
chosen using the procedures dis-
cussed in the appendix, and pre-
dicted values and the corresponding
residuals were calculated using re-
gression procedures in the statisti-
cal analysis system. These models,
which are based on different statis-
tical criteria, are as follows:

• Model (A) based on RSQUARE
(r2):

a2 = –461792363.0 – (1124009.0 x S) –
(387355.0 x t) + (2115158.0 x T) + (2557.96
x S x T) + (906.1 x T x t) + (1681.32 x S x

10. Contour plot for a2 as a function of sodium ion concentration and inorganics concentra-
tion at constant lignin concentration (0.4 g/g solids) and constant lignin molecular weight
(9580)
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EA x t) – (3.83 x S x EA x t x T) – (2415.04
            x T x T) – (60.99 x t x t)            (5)

where r2 = 0.89 and adjusted r2 =
0.83.

• Model (B) based on backward
elimination:

a2 = –442013331.0 – (2089669 x S) +
(1973908.0 x T) + (122597 x S x EA) +
(10846.0 x S x t) + (4770.36 x S x T) +
(14.47 x t x T) – (279.12 x S x EA x T) –
(25.0 x S x t x T) – (2195.92 x T x T)    (6)

where r2 = 0.86 and adjusted r2 =
0.79.

• Model (C) based on maximum r2:

a2 = –490926526.0 + (13826.0 x t) +
(2180913.0 x T) – (17315.0 x S x t) +
(21.54 x S x T) + (1795.15 x S x EA x t) +
(39.15 x S x t x T) – (4.1 x S x EA x t x T) –
(2415.04 x T x T) – (60.99 x t x t)         (7)

where r2 = 0.87 and adjusted r2 =
0.79.

The residuals (actual values of a2
minus predicted values of a2) of these
three models were plotted with re-
spect to predicted values of a2. All of
the residuals scatter around zero and
are independent of the predicted val-
ues. The residuals for Models A and
C are slightly smaller than that for
Model B. However, these models can
be used to predict values of a2 at
different cooking conditions, which
can then be used to determine the
viscosity of the corresponding liquor
at low solids content (≤ 50%) at vari-
ous temperatures and solids concen-
trations. Calculated values should be
accurate to within about ± 6% (ex-
cept one point) or better for a2 and
± 13% or better for viscosity.

Empirical correlation
with sulfidity, effective
alkali, and H factor

As previously mentioned (1), the
pulping variables of cooking time and
cooking temperature are commonly
combined in the pulp and paper in-
dustry into one variable known as H
factor (6, 7). In this work, H factors
were calculated from the time-tem-
perature profiles recorded for each
cook and are reported in Table II.
An empirical correlation between
effective alkali, sulfidity, and H fac-
tor and the response variable (a2)
was found using SAS procedures.

The independent variable terms
that were considered in the model
were: S, EA, h (H factor), S x EA, S
x h, EA x h, S x EA x h, S x S, EA x
EA, h x h, S x S x EA, S x S x h, EA
x EA x S, EA x EA x h, S x h x h, and
EA x h x h. The analysis of r2 and Cp
(r2 procedure) showed that a model
of nine parameters was the best. The
stepwise procedure with maximum
r2 and backward elimination strate-
gies was used for model screening.
The nine-parameter model based on
a maximum r2 strategy is as follows:

a
2
 = 1603552.0 + (1360.83 x h) – (214.38 x

EA x h) + (482.1 x S x S) + (0.476 x h x h)
– (0.224 x S x S x h) – (84.53 x EA x EA x
S) + (10.48 x EA x EA x h) – (0.04 x EA x
                         h x h)                           (8)

where r2 = 0.75.
Although r2 for this model is lower
than for earlier models, the residual
analysis indicates that the model is
accurate to within ± 10%. All of the
residuals with respect to the pre-
dicted value of the response variable
are scattered around zero.

Effect of black liquor
composition on viscosity

We previously showed (1) that car-
bonates at low levels have an insig-
nificant effect on black liquor
viscosity. Also, for slash pine black
liquors, organics other than lignin
are not important in terms of viscos-
ity variation. Therefore, the task is

11. r2, adjusted r2, and Cp/P for the effect of cooking conditions on the viscosity (a2) of black
liquor
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reduced to investigating the influ-
ence of lignin molecular weight, lig-
nin concentration, sodium ion
concentration, and other inorganic
ion concentrations (except carbon-
ates) on the viscosity response of
slash pine black liquors. Methods for
chemical analysis of the liquors, lig-
nin purification, and determination
of lignin concentration and molecu-
lar weight [note that lignin molecu-
lar weights were measured using gel
permeation chromatography (GPC)]
can be found elsewhere (8–12). The
concentrations of lignin and organ-
ics, sodium, carbonate, and organic
ions are summarized in Table III. In
this part of the work, also, response
surface methods and different sta-
tistical criteria were used to analyze
the response of viscosity (a2) and es-
tablish proper models for a2 as a
function of black liquor composition.
The data were fitted to a quadratic
response-surface model (Eq. 4) by
using the RSREG procedure, and
the results indicate that main effects
are significant at a level of 0.001, the
quadratic effects are significant at a
level of 0.08, the cross products are
significant at a level of 0.7, and total
regressors are significant at a level
of 0.016. r2 for the model is 0.85,
which indicates a good fit.

The canonical analysis of the re-
sponse surface indicates that the sta-
tionary point is a saddle point, and
the predicted value of a2 at the sta-
tionary point is 1.670 x 106, which is
very close to the value found for re-
sponse to the pulping conditions. The
input variables at the stationary
point are: lignin concentration =
0.414 g/g solids, lignin molecular
weight = 5884.0, inorganics concen-
tration = 0.495 g/g solids, and so-
dium concentration = 0.185 g/g
solids. The inorganics concentration
at the stationary point falls outside
of the input space region.

For three-dimensional surface
and contour plot analysis, the REG
procedure in SAS was used to deter-
mine the model parameters of Eq. 3.
r2 for this model was 0.92. Figures 7
and 8 indicate the three-dimensional

(3)

Y   =  βo  +  ∑
i = 1

4
 β

i
 X

i
  + ∑

i <  j 

4
 β

i j
 X

i
 X

j 
 + ∑

i <  j < k

4
  β

i j k
 X

i 
X

j 
X

k

             + ∑
i <  j < k < l

4
  β

i j k l
  X

i 
X

j
 X

k
 X

l  
 + ∑

i = 1

4
 β

ii 
X

i

2

Equation 3

response surface and contours for a2
as a function of lignin molecular
weight and lignin concentration at a
constant sodium ion concentration
of 0.145 g/g solids and inorganics ion
concentration of 0.04 g/g solids. The
contour plot indicates that a2 is af-
fected by both lignin molecular
weight and lignin concentration. a2
is an increasing function of the lig-
nin concentration at any level of lig-
nin molecular weight. At a fixed level
of lignin concentration, a2 increases
with lignin molecular weight to a
level of 7500.0 and then decreases
slightly with a further increase in
lignin molecular weight. However,
this is a response for these condi-
tions only, and it may change at other
levels of sodium and inorganics.

Figures 9 and 10 are the response
surface and contour plot of a2 with
respect to sodium and inorganic ions
at a constant lignin concentration of
0.4 g/g solids and lignin molecular
weight of 9580.0. The surface is a
falling ridge with respect to
inorganics and a rising/falling ridge
with respect to sodium. An increase
in the inorganics level reduces the
viscosity at any level of sodium ion
concentration. Also, at a fixed
inorganics level concentration, a2
shows an increase with increasing
sodium ions up to 0.16–0.165 g/g sol-
ids and then decreases with a fur-
ther increase in the sodium
concentration level. Again, these are
typical results, and results may be
different at other levels of lignin con-
centration and lignin molecular
weight.

Predictive model
and residual analysis

The r2 procedure in SAS was used
for variable selection as in Eq. 3.
The analysis of r2, adjusted r2, and
Cp/P, with respect to the number of
parameters in the model (P), indi-
cated a ten-parameter model was the
best. The stepwise procedure with
maximum r2 and backward elimina-
tion strategies was used for model
screening. The ten-parameter model
based on backward elimination is:

a
2
 = 2331959.0 – (1327.75 x X

1
) –

(258143870.0 x X
2
) + (69528231.0 x X

3
) +

(11663.0 x X1 x X3) + (1569590311.0 x X2 x
X3) + (77236.0 x X1 x X2 x X4) – (469639 x
X

1
 x X

2
 x X

3
 x X

4
) – (0.036 x X

1
 x X

1
) –

              (531279901.0 x X
3
 x X

3
)            (9)

where r2 = 0.85, adjusted r2 = 0.8,
and
X1 = lignin molecular weight

X2 = inorganics concentration

X3 = sodium ion concentration

X4 = lignin concentration.

The residual analysis of the model
indicated that all of them are scat-
tered around zero, and the model
can be used to predict the values of
a2 accurately to within ± 7% or lower.

Nonlinear regression models

Our goal in this work was not only to
correlate the viscosity to the pulping
conditions and black liquor composi-
tion, but also to determine predic-
tive models requiring the fewest
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parameters. By using the general
multiple regression linear model
(Eq. 3) and applying different sta-
tistical criteria, we were able to find
several predictive models for viscos-
ity response of black liquor. Using
these methods, the response surface
can be defined with models of at least
9–10 parameters. Therefore, at least
10–11 experimental conditions are
required to define the parameters of
the model. Attempts were made to
find models with fewer parameters
for describing the surface response
as a function of the independent vari-
ables. The nonlinear (NLIN) proce-
dure in SAS was used to search for
different nonlinear regression mod-
els that can be used to define the
viscosity response as a function of
the cooking variables and black li-
quor composition. The NLIN proce-
dure produces least-squares or
weighted least-squares estimates of
the parameters of a nonlinear model.
Nonlinear models are more difficult
to specify and estimate than linear
models. The nonlinear predictive
models that were obtained using the
NLIN procedure are:

Model for a2 as a function of S,
EA, T, and t. The following nonlin-
ear regression model fits the experi-
mental data as a function of sulfidity,
effective alkali, cooking time, and
cooking temperature with very good
accuracy:

a2 = 0.272T2.72 t-0.0012 S-0.0712 (EA)-0.2644      (10)

where r2 = 0.997.
The residual analysis for this model
indicates that all residuals are scat-
tered around zero, and the model is
accurate enough to predict the val-
ues of a2 within ± 8% or better (± 15%
for viscosity). This model indicates
that cooking temperature and effec-
tive alkali have more significant ef-
fects than cooking time and sulfidity.

Correlation with sulfidity, ef-
fective alkali, and H factor. The
nonlinear regression model that fits
the response variable as a function
of sulfidity, effective alkali, and H
factor is:

a2 = 1,910,000 – 13.74 (loge) h (EA)2.02

S0.746 (11)

where r2 = 0.994.
The residual analysis for this model
indicates that all residuals are scat-
tered around zero, and the model is
accurate enough to predict the val-
ues of a2 within ± 9% or better.

Correlation with black liquor
composition. The data for the re-
sponse variable were correlated to
the liquor composition by:

a2 = 11.165 (M
w
)0.297 (Clignin)

0.054

(Inorganics)-0.015 (Sodium)-0.303 (12)

where r2 = 0.999.
In the above correlation and in the
previous model for a2 as a function
of black liquor composition, the car-
bonates were not included; however,
if one includes the carbonates as
inorganics (all inorganics except so-
dium ions), the model becomes:

a2 = 11.042 (M
w
)0.312 (Clignin)

0.056

(Inorganics)0.019 (Sodium)-0.34 (13)

where r2 = 0.999.
The accuracies of Eqs. 12 and 13 are
nearly the same, and they have the
same predictive power, which means
that carbonates at a low level are not
important in terms of viscosity. How-
ever, when they are included, there
is a small change in the parameters
of the model. Both Eqs. 12 and 13
indicate that the lignin molecular
weight and sodium ion concentra-
tion make the greater contributions
to the viscosity of black liquor. The
residuals of these two equations are
all scattered around zero and indi-
cate that the models should be accu-
rate to within ± 8% or better.

Conclusions

The effects of cooking variables and
black liquor composition on the vis-
cosity were studied both qualita-
tively and statistically by surface
response methodology and different
statistical criteria. The analysis of a
quadratic response model indicates
that the viscosity response of black
liquor to both pulping variables and

black liquor composition is highly
nonlinear, and higher-order inter-
actions should be included when a
predictive model is chosen.

For this reason, the general mul-
tiple regression linear model (Eq. 3)
(which consists of the main effects;
two-, three-, and four-variable inter-
actions; and quadratic terms) was
used to perform geometric repre-
sentation of the response variable at
different input conditions and to
search for statistically based predic-
tive models for defining the response
variable as a function of the cooking
variables and composition of the li-
quor. The three-dimensional re-
sponse surfaces and their contours
with respect to the cooking variables
indicate that, at high sulfidity levels,
an increase in the effective alkali
level reduces the liquor viscosity,
while at low sulfidity levels, viscos-
ity increases with the effective alkali
level. At lower cooking temperature
levels, the viscosity is an increasing
function of the cooking time, while
at higher cooking temperature lev-
els, the viscosity decreases as the
cooking time is increased.

The response surfaces and their
contours with respect to black liquor
composition indicate that the viscos-
ity response of black liquor is a
strong function of lignin molecular
weight. At any level of lignin mo-
lecular weight, the viscosity in-
creases as the lignin concentration
is increased in the liquor. However,
the viscosity increase is more sig-
nificant at lower lignin molecular
weights. As the lignin molecular
weight is increased at a fixed lignin
concentration, the viscosity increases
rapidly, reaches a maximum at a high
molecular weight, and then starts to
decrease slightly (or stays constant)
with further increase in the level of
lignin molecular weight. The re-
sponse surface and its contour plot
with respect to sodium and other
inorganic ions at a constant lignin
concentration and molecular weight
show that the viscosity is highly af-
fected by sodium ion concentration.



118  October 1995 Tappi Journal

Kraft Recovery
The viscosity decreases at any so-
dium concentration level as the
inorganics concentration is in-
creased.

The r2 procedure in SAS showed
that a ten-parameter model can be
used to define the viscosity response
of black liquor as a function of the
pulping variables and composition
of black liquor. The predictive mod-
els based on different statistical cri-
teria should be accurate to within
± 10% or better for a2 and ± 15% or
better for viscosity. The nonlinear
regression procedure was used to
find predictive models with fewer
parameters to describe the surface
response as a function of the pulping
variables and black liquor composi-
tion. The response variable could be
defined with equations of at most
five parameters. The models based
on this approach are generally more
accurate and can be used to calcu-
late the values of a2 with an accuracy
of ± 8% or better. The calculated val-

ues of viscosity should be accurate
to within ± 13% or better for a range
of viscosity of three orders of mag-
nitude.

The methods developed and the
demonstration of general applicabil-
ity significantly reduce the quantity
of data necessary to describe the vis-
cosity behavior of the liquors from
other wood species. TJ
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Statistical modeling
The objective of the work de-
scribed here was not only to
study the effects of cooking vari-
ables on the viscosity response
of black liquors, but more impor-
tantly, to find appropriate mod-
els that could be used to predict
the viscosity of mill black liquors
at process conditions. The 20-pa-
rameter model of Eq. 3 could be
used to fit the experimental data
of the present study with good
accuracy. However, this does not
mean that all the variables in this
model are reasonable candidates
as independent variables (i.e., all
of them are significant at a level
of 0.05). In addition, as the num-
ber of parameters in the model

is increased, more experimental data
are required to estimate the param-
eters of the predictive model. This
would be more time-consuming and
unreasonable. On the other hand, the
problem of selecting reasonable can-
didate independent variables can be
a difficult task and time-consuming.
In this section, different statistical
methods for model selection are dis-
cussed, the regression models are
selected, and model assumptions are
checked.

Selecting the variables
Different selection procedures can
be used to select the proper inde-
pendent variables among the candi-
dates for a predictive model. The
first selection procedure involves

Appendix

performing all possible regres-
sions with the dependent variable
and one or more of the indepen-
dent variables used in Eq. 3. Ob-
viously, this approach requires
running a large number of regres-
sion models and can be time con-
suming. Before running all
possible regressions, one must
consider what criteria should be
used to select the best-fitting
equation from all possible regres-
sions. Among the various criteria
(4) for selecting the best regres-
sion equation from the set of all
possible regression equations, the
coefficient of determination r2 cri-
terion and Mallow’s Cp criterion
were used in this work for select-
ing independent variables. By ex-
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amining the models that have the
highest r2 values, one can identify
the number and identity of the
variables to include in the model.
One problem with using r2 as a
criterion is that r2 increases for
each independent variable, even
when the new variable has a poor
predictive power, and this may re-
sult in underspecification and/or
overspecification of the predictive
model. The Cp statistic seems to
balance the problems of overspec-
ification and underspecification.
The Cp statistic is defined as (4):

C
p
 = SSE

p
/[S

E
2 – (n – 2P)]

where
Cp = Mallow’s statistic

SSEp = sum of squares for error from
    a model with P parameters

SE
2 = mean square error from the

    model with largest number
    of independent variables

P = number of the parameters in
    the model

n = degrees of freedom (no. of
    observations).

Theory suggests that the best-fit-
ting model should have Cp≈ P. Cp
> P indicates a biased model and
Cp < P indicates a good model.

The r2 procedure in SAS was
used to perform statistical analy-
ses for variable selection as in Eq.
3 for a2 as a function of pulping
conditions and black liquor com-
position. This procedure finds sub-
sets of independent variables that
best predict a dependent variable
by linear regression in the given
sample (5) and can be set to per-
form all possible subset regres-
sions.

For a2 as a function of the cook-
ing variables, the r2, adjusted r2,
and Cp/P, with respect to the num-
ber of parameters in the model,
are plotted in Fig. 11. As the num-
ber of parameters in the model

increases, r2 increases, it reaches a
value of 0.9 at P = 10, and then it
increases very slightly as P increases
to 19. Cp/P with respect to P shows a
decrease, reaches a minimum at P
= 10, and then increases slowly to
1.0 at P = 19. The adjusted r2 in-
creases with increasing P, reaches a
value of 0.82 at P = 10, and then
decreases slowly. Therefore, a ten-
parameter model was chosen as the
predictive model for a2.

For a2 as a function of the liquor
composition, the analysis of r2, ad-
justed r2, and Cp/P with respect to
the number of parameters in the
model (P) indicates that, as the num-
ber of parameters in the model in-
creases, r2 increases and reaches a
value of 0.85 at P = 10 and then
increases very slightly as P increases
to 19. Cp/P decreases with respect to
P, reaches a minimum at P = 10,
and then increases slowly to 1.0 at P
= 19. The adjusted r2 increases with
P, reaches a value of 0.8 at P = 10,
and then decreases slowly. There-
fore, a ten-parameter model was cho-
sen as the predictive model for a2 as
a function of the liquor composition.

There are a number of other pro-
cedures that can be used to select
the best-fitting regression equation
from a set of candidate independent
variables. The stepwise procedure
is another method that was used in
this study. This procedure gives in-
sight into the relationships between
the independent variables and the
response variable, and differs from
the r2 procedure, which is used for
exploratory model analysis and iden-
tifies the model with the largest r2

for each number of variables consid-
ered. The stepwise procedure uses
forward selection, backward elimi-
nation, stepwise, and maximum (or
minimum) r2 improvement strategies
in choosing the variables for the mod-
els it considers. This requires less
computer time than the r2 procedure.
The forward selection technique be-

gins with no variables in the model
and adds variables one at a time
until a stopping criterion is satis-
fied. At every stage, the variable
that has the largest F statistic to
the model is added.

The backward elimination
method begins with a model of all
independent variables and com-
putes the F statistic for each in-
dependent variable as (4):

F
j
 = SSdrop

j
/MSE J = 1,2,...

where SSdropj is the drop in the
sum-of-squares error obtained for
the complete model, which con-
tains all X’s except Xj. MSE is the
mean square error for the com-
plete model. The variable with the
smallest value of F with respect
to a preselected significant level
(Fj) will be dropped, and the pro-
cess is repeated with one variable
removed from the model. The
maximum r2 technique, which is
nearly the best regression, will
find the best one-variable model,
the best two-variable model, and
so forth, although there is no guar-
antee that the model with the larg-
est r2 for each size will be found.
In this work, the stepwise proce-
dure with backward elimination
and maximum r2 strategy was
used to find the relationship be-
tween the response variable and
other independent variables. A
good predictive model based on
the backward elimination tech-
nique should have at least nine
independent variables. The maxi-
mum r2 strategy indicates that
there is no major improvement in
r2 for more than a ten-parameter
model. However, a ten-parameter
model based on the r2 (5) and two
ten-parameter models based on
the stepwise (5) procedure were
used as predictive models for a2
as a function of the cooking vari-
ables, and the regression proce-
dure in SAS was used for residual
analysis.
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