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PEERREVIEWED

T HE FORMATION, OR LARGE-
scale uniformity, of paper
affects its mechanical
behavior (1) and particu-

larly tensile strength. When a paper
specimen is stretched, light-weight
areas generally elongate more than
heavy-weight areas. Local strains
vary usually as much as the basis
weight varies, but sometimes clearly
more (2–4).

Even though formation has an
obvious effect on the mechanical
properties of paper, no precise one-
to-one relationship exists between
the local basis weight and strain
fields in any given paper specimen.
There are two reasons for this. First,
variation in basis weight does not in
itself account for variations in net-
work structure. The degree of bond-
ing, fiber density, fines and filler con-
tent, and drying strains all play a sig-
nificant role. Second, local deforma-
tions depend also on the surround-
ing basis weight values and, there-
fore, must be correlated over short
distances. In this paper we focus on
the latter, topological aspects of
local deformations.

Short-range spatial correlations
of local strains have in the past been
illustrated in a few cases using the
finite element method (3–5) or
direct observations (2, 6, 7). It has
been shown that lightweight areas
in paper can be reinforced or
“shielded” by adjacent heavier areas
(3, 5). Also, the average strain in any
given transverse section of a paper
specimen is inversely proportional
to the average basis weight of that
section. Along such a section, in the
transverse direction, strain varies
more smoothly than the basis
weight (4). Moffatt et al. (8) have

shown that the breaking zone in
newspaper strips had consistently
lower basis weights than the average
basis weight for the specimen as a
whole. An interesting observation of
the spatial strain correlations was
first made by Rance (9) and later dis-
cussed in detail by Ranger and Hop-
kins (6). They found that plastic
(irreversible) deformations in paper
seem to concentrate along lines that
traverse across the specimen at a
30°–40° angle to the external stress.

In this paper, we study the local-
ization of plastic strain and ultimate
failure on the length scale of fiber
flocs using experiments and com-
puter simulations (10).The statistical
effects of the formation-like random-
ness in paper structure are empha-
sized. In the simulations, randomness
in local elastic modulus is taken to
represent the combined effects of
local basis weight, fiber orientation,
drying strains, and bonding degree.
Experiments are used to illustrate
the phenomena with real paper.

EXPERIMENT
Specimen papers were a virgin pine
kraft,205 g/m2 linerboard,and a com-
mercial 47 g/m2 newsprint. They
were saturated with a two-part liquid
silicone which cures to a low-modu-
lus, optically clear gel. The gel fills
voids within the web structure and
thus reduces the incidence of local
discontinuities in the index of refrac-
tion through the thickness of the
paper. The treated paper is signifi-
cantly more translucent than the
original—as would be a wax or oil-
filled paper. The treatment causes
small but observable increases in ten-
sile modulus and strain to failure.

When the treated specimen is
strained in tension small “lines,” and
then patterns of lines, begin to
become apparent with the onset of
nonlinearity in the measured stress-
strain curves. If the specimen is lit
from behind the surface being
viewed, the lines appear dark, as in
Figs. 1A and 1B. If the specimen is
front-lit, the same lines appear
white, as in Figs. 1C and 1D.

In machine direction specimens,
few—if any—lines are observed at
any level of strain up to failure. In
cross machine direction (CD) speci-
mens, the lines begin to become
apparent at less than half the failing
strain, become profuse as strain
increases toward failure, and eventu-
ally form distinct diagonal patterns.
The lines observed in the treated
materials are not evident at all in
untreated specimens of the same
paper. The patterns we have
observed tend to be concentrated
around fibers oriented transverse to
the direction of applied stress. They
are “sharp” in the newsprint speci-
mens and “fuzzy” in the heavier
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linerboard specimen. The patterns
are essentially permanent.

We reason that the lines are evi-
dence of micro-failures within the
web structure. The micro-failure cre-
ates a discontinuity in the index of
refraction within the specimen and
therefore is seen light or dark
depending on the lighting arrange-
ment. It is well known that the aver-
age light-scattering coefficient of
paper increases in linear proportion
to plastic strain. In both materials,
the site of eventual failure can often
be visually related to a specific fiber
or fiber group long before failure
actually occurs.

When viewed with the naked
eye, the silicone-treated and strained

specimens display nonuniform
“criss-cross” patterns (Fig. 2). Some-
times nearly-diagonal strain lines are
apparent. Similar lines have been
observed earlier by Rance (9) and by
Ranger and Hopkins (6) in tracing
paper which by its translucent
nature is optically quite similar with
the silicone-treated paper used here.
Rance had already concluded indi-
rectly that similar patterns must
occur in other paper grades as well.
Ranger and Hopkins (6) also mea-
sured local strains directly in a few
cases and found that regions of large
strain coincided with the lines of
increased opacity.

The nonuniform patterns of
internal fracture show where the

sample elongates plastically. From
the photographs, one can see that
the spatial distribution of plastic
strains in paper is highly nonuniform
at the microscopic and macroscopic
level. It is also of interest that even
though failures at the fiber level
appear to concentrate around later-
ally oriented fibers, the macroscopic
strain lines propagate in diagonal
directions.

COMPUTER SIMULATIONS
In the computer simulations (10),
the specimen is divided into imagi-
nary cells that form a square lattice.
The choice of the cell size is arbi-
trary. Each cell is given an elastic
modulus which is to represent the
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1. Photographs of strained CD paper strips; back-lit linerboard (A) and newsprint (B) at a high magnification (100X), and the same
specimens front lit (C and D). Direction of straining is horizontal.
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combined effects of randomness in
local basis weight, fiber orientation,
drying strains, and bonding degree.
The elastic modulus is the only
source of nonuniformity in the
model. The modulus values can be
taken, for example, to be propor-
tional to measured local basis weight
of real paper (cf. Fig. 4) or they can
be randomly assigned as will be
explained in the following sections.

The cell corners (nodes of the
square lattice) are allowed to move
only parallel to the direction of exter-
nal strain. The uniaxial translation of
cell corners leads to three basic
deformations (cf. Fig. 3); all other
deformations are linear combina-
tions of these three. The deformation

of each cell, in response to a given
external elongation, is determined
by minimizing the total elastic
energy of the system (cf. Appendix).
If a deformation component exceeds
a set limit, then the cell either fails or
becomes plastic—depending on the
choice of parameters.

There are four factors that define
the model system: (1) specimen
geometry (in units of the number of
cells), (2) the statistical distribution
of local moduli (paper “formation”),
(3) the ratio G/E of the specific
shear modulus G to the specific
Youngs’ modulus E, and (4) the ratio
q

fr
/q

pl
of the critical strain for the

rupture to that for the plastic yield-
ing. The values specified for Young’s

modulus and yield strain merely set
the scale for stress and strain. The
ratios G/E and q

fr
/q

pl
are material

parameters of the model that are
taken to be constants. Local shear
modulus is assumed to vary in the
same way as the local Young’s modu-
lus.

In order to illustrate the model
performance, we used the measured
basis weight distribution of a tissue
paper. Local modulus was taken to
be proportional to the local basis
weight with a scale factor such that
the coefficient of variation of the
modulus was equal to CV(E) = 10%.
As Fig. 4 shows, the simulated plas-
tic strain distribution has the same
appearance as seen in the experi-

2. Photographs of strained CD paper strips; back-lit linerboard (A) and newsprint (B) at a low magnification, and the same specimens
front lit (C and D)
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ments (Fig. 2). Hence the model
seems to give a fair representation of
the behavior of real papers.

In our simulations, we have
found that the spatial distribution of
local deformations is quite sensitive
to the manner in which the local
modulus varies. For example, if the
modulus variations correspond to
randomly assigned flocs, then the
shape and size of the flocs and their
spatial arrangement can significantly
affect the sharpness of the plastic
strain lines. Furthermore, the direc-
tion of the strain lines depends also
on the relative shear stiffness G/E. A
large G/E-value favors lines in the
transverse direction while a small
value favors strain lines that are par-
allel to the direction of the external
strain. In discussing the strain lines in
paper, Ranger and Hopkins (6) pro-
posed that the lines must be related
to the fibrous structure of paper,
more precisely to fiber buckling.
However, this cannot be true as we
observe the same close-to-diagonal
lines in the model where no assump-
tions are made about the micro-
scopic structure or deformation
process. Instead we propose that the
spatial distribution of plastic strains
is controlled by two factors, the local
moduli and the overall elastic prop-
erties of paper. Detailed discussion is
deferred to another publication.

SIMULATED LOAD-ELONGATION
BEHAVIOR

Next we consider the macroscopic
load-elongation behavior of paper
when the local elastic moduli are in
a one-to-one relationship to a ran-
dom floc structure. The structure is
generated by dropping circular flocs
of diameter 10 cells randomly on a
30 by 120 cell lattice. The average
number of flocs per cell (equal to
the basis weight) determines the
variability of the local elastic modu-
lus, CV(E). This should give a reason-
able approximation to the structure

of real paper (11). If flocs in real
paper were 5 mm in diameter, then
model would mimic the tensile test
of a 15-mm wide and 60-mm long
paper strip.

The thick lines in Fig. 5 present
the simulated stress against strain
when the model paper is assumed
to yield indefinitely without rupture
(q

fr
= ∞).The yield threshold is set to

q
pl

= 5%. The thin lines give the frac-
tion of cells, N

pl
/N

tot
, that have

become plastic at any given external
strain. A finite fracture threshold q

fr

gives otherwise the same behavior
but with paper failing at a finite
strain. The failure point is indicated
in Fig. 5 for q

fr
/q

pl
= 10 and 100. One

can see that, even when the fracture
threshold is somewhat larger than
the yield threshold, q

fr
≤ 10 x q

pl
, the

simulated paper still fails at about
the macroscopic yield point. The
stress and relative number of plastic
sites N

pl
/N

tot
at the failure point are

both sensitive to the ratio q
fr
/q

pl
. The

behavior with q
fr
/q

pl
= 10 should

apply to real paper when tested in
machine direction (MD). In contrast,
when the model paper is ductile, the
breaking stress and the correspond-
ing value of N

pl
/N

tot
increase only

very slowly with growing q
fr
/q

pl » 1.
This should be similar to real paper
in CD, except that since ideal plas-
ticity does not apply, the breaking
stress presumably still increases
with increasing q

fr
/q

pl
.

Independent of the value of
q

fr
/q

pl
, the results in Fig. 5 show that

N
pl
/N

tot
decreases when CV(E)

increases. In other words, when dis-
order in modulus increases, a smaller
and smaller fraction of the paper
area becomes plastic before failure.
In a nonuniform paper, plastic defor-
mations start developing at smaller
strains and at a slower rate than in a
uniform paper. In all cases that we
simulated, less than a quarter of the
paper area becomes plastic before
failure, which is in good agreement
with the experiments (cf. Fig. 1).

Finally, we study how the macro-
scopic elastic modulus of paper
depends on the variability of local
modulus. To expedite the treatment,
we assigned the local modulus val-
ues completely at random thus
excluding floc-like spatial correla-
tions. The cells can then be consid-
ered as having the same size as the
average flocs in paper. The local
moduli were taken from a uniform
distribution. The width of the distri-
bution is proportional to the coeffi-
cient variation CV(E). The decrease
of the macroscopic elastic modulus
against CV(E) is shown in Fig. 6 for
three different specimen shapes, a
narrow strip, a square, and a short
specimen. The first one is modeled
as a single column of cells and the
third with two rows (notice that
with a single row of cells the macro-
scopic modulus would be indepen-
dent of CV(E)). In simulation trials, it

3.The deformation modes of the model cells.The three terms in the elastic energy (cf.
Appendix) with prefactors A, B, and C correspond to (a), (b), and (c), respectively.
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turned out that all specimen shapes,
except the extreme cases of a very
narrow or a very short specimen,
gave results that are close to those

shown in Fig. 6 for the square speci-
men. Hence the shape of the tensile
strip used in experiments should not
have an effect on the formation-

dependence of the elastic modulus
of real paper. The effect of disorder
on the macroscopic modulus is quite
weak. Even an unreasonably high
value of CV(E) = 30% leads to just a
5% reduction in the macroscopic
modulus. The results in Fig. 6 can be
approximated by E = 1 – CV(E)2/2
for most specimen shapes. For the
one-dimensional single column, the
result is E = 1 – CV(E)2, in agreement
with an analytic result derived by
Dodson (12).

SUMMARY
Highly nonuniform patterns of irre-
versible internal fracture or plastic
strain were observed in strained
paper specimens that were treated
with silicone. At the microscopic
level, the failures seem to concen-
trate around laterally oriented fibers
while, at the macroscopic level, they
lie along roughly diagonal lines. The
patterns are influenced by the struc-
ture and formation of paper being
descriptive of the way in which load
is carried through the specimen. The
patterns often indicate the location
of eventual macroscopic failure
while the load is well below the max-
imum value.

The effects of macroscopic for-
mation-type disorder were studied
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4. Simulated distribution of plastic strains (B) and (C) corresponding to a measured ß-radiogram of tissue paper (A). Low basis weight
is shown dark in (A) and plastic deformations are white in (B) and (C) in the same way as in Fig. 2.The 7 x 7-cm2 radiogram is repre-
sented by 170 x 170 cells in the model.

5. Simulated stress (thick lines) and concentration of plastic sites Npl/Ntot (thin lines)
against external strain for a model of 30 x 120 cells. Flocculated structure with CV(E) =
10%, 20% and 30% (solid line, long dashes and short dashes, respectively). Circles indi-
cate breaking points when qfr/qpl = 10 and squares when qfr/qpl = 100. G/E = 1/4 and qpl

= 5%.
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using a computer simulation model
where disorder is implemented in
the local elastic modulus. When the
local modulus was taken propor-
tional to the measured basis weight
map of real paper, the simulations
gave similar plastic strain patterns as
those observed in the experiments.
The simulations predict that in all
paper grades plastic deformations
take place in less than a quarter of
the paper area. Increased disorder
reduces this fraction. Increased disor-
der, “poorer formation,” also lowers
the breaking strength of the model
paper, particularly when the break-
ing threshold strain is close to the
yield strain.This would be the case in
real paper in MD. TJ
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APPENDIX
Details of the simulation model

In the simulations, paper is modeled as a “coarse grained” disordered continuum material, whose microscopic
structure is averaged out—local elastic modulus is the only source of disorder. The specimen is divided into a
rectangular lattice of adjoined square cells, each defined by the four corner nodes. The elastic energy of the
system is written in terms of the longitudinal displacements y

l
, y

2
, y

3
, and y

4
of the corners (cf. Fig. 3) in the fol-

lowing manner:

where n is the number of cells. The local elastic modulus is proportional to the basis weight density r
i
. The

quantity a
i
denotes the integrity of the cell: a

i
= 1 for intact cells and a

i
= 0 for completely failed cells. The pref-

actors A, B, and C are related to the Young’s modulus E and shear modulus G through A = E/8, B = (E+G)/24,
and C = G/8, respectively. In the simulations,external strain is increased gradually. The nodal displacements are
obtained by minimizing the above elastic energy. Individual cells are usually allowed to yield before failure.This
is accomplished by assigning an irreversible displacement component π separately for each of the three defor-
mation modes in Fig. 3. Initially all the πs are zero but, as the external strain increases, the πs start to grow irre-
versibly according to:

The yield thresholds are defined as q
A

= q
B

= q
pl

and q
C

= [2(1 + q
pl
)2 – 1]1/2 – 1 ≈ 2q

pl
, where q

pl
is the lon-

gitudinal threshold strain of the isotropic material. The value of q
C

arises from the diagonal strain of the cell.
Cell failure is defined by another critical strain q

fr
. The model describes a brittle elastic material if q

fr
= q

pl
.
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