Micro-model of paper

Part 3: Mosaic model
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ABSTRACT: In this third and final part of the series, a
simplified mosaic model is introduced for predicting paper
properties. Model predictions are compared with experimental
data for papers made from bleached chemical pulp, groundwood
pulp, and linerboard. The experimental results generally fall
within predicted bounds and are in reasonable agreement with
predictions from the mosaic model.
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I n Part 1, we derived elastic con
stants and moisture expansion co-
efficients of assemblages of cell-wall
material configured in series and in
parallel (1). In Part 2, microstruc-
tural parameters of paper such as
volume fractions of bonded material
and free fiber segments were calcu-
lated using Monte Carlo simulation
of sheet formation and structure (2).
Our objectives in Part 3 are (a) to
combine the information gathered
in the previous parts into a mosaic
model that contains bonds, free seg-
ments, and voids and (b) to predict
the response of paper from this
model.

The “mosaic,” or “aggregate,”
model was initially proposed by
McGee and McCullough for model-

ing short-fiber composites (3).
McCullough pointed out that the
mechanical behavior of short-fiber
composites (that resemble paper)
can be predicted only if a complete
description of the microstructure is
available (4). Because such informa-
tion rarely exists, micro models for
complex materials should be based
on structural descriptors that can
be evaluated experimentally. The
complex and variable features of the
microstructure of short-fiber com-
posite materials led to the develop-
ment of the aggregate model, in
which the material is viewed as an
assemblage of constituent materials.

As discussed in Part 1, previous
network and continuum models of
paper are based on the assumption
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that the strain field is uniform
throughout the entire sheet. In real-
ity, however, stiff regions will de-
form less than average strain field,
and compliant regions will undergo
more deformation than the average
strain field. Recently developed com-
puter methods for enhancing vision
have allowed researchers to detect
substantial variations in local strain
in tension test specimens (5).

To overcome some of these diffi-
culties, we present a mosaic model
of paper. The mosaic model is used
for predicting the elastic and
hygroexpansion properties of paper.
Model predictions are compared with
experimental data for papers made
from chemical and groundwood
pulps and linerboard.

Mosaic representation

The microstructure of paper is rep-
resented by the mosaic model shown
in Fig. 1. The x axis represents the
machine direction (MD), and the y
axis represents the cross-machine
direction (CD). The z axis is the
thickness coordinate. The three
“phases” that compose the model are
fiber crossings, fiber segments, and
voids. A free fiber segment is the
unbonded length of the fiber between
the bonded regions. A fiber cross-
ing, or a bonded region, is the area
where two fibers are attached to one
another.

The fiber crossings and segments
are both composed of cell-wall lay-
ers. The S, layer is assumed to domi-
nate the response of the cell wall. As
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1. The structure of paper in the mosaic concept 2. The simplified representation of paper structure in the mosaic

concept, with a blowup of a representative volume element
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discussed in Part 1, the S, layer is
treated as a composite of unidirec-
tional microfibrils in a matrix of hemi-
cellulose and lignin. The fiber
crossings are considered as elements
of cell-wall material bonded together
as multi-directional laminates, thus
being connected in a parallel loading
arrangement. Such a configuration
leads to upper bounds on the elastic
moduli (1). The free segments are
considered as cell-wall elements ar-
ranged in series, which leads to lower
bounds on the elastic moduli (1).

In Part 1, the elastic constants and
moisture expansion coefficients for
such assemblages of cell-wall ele-
ments were derived as functions of
fibril orientation and moisture con-
tent. Consequently, it is possible to
calculate the elastic constants and
moisture expansion coefficients of the
two solid phases of the mosaic model
shown in Fig. 1. The elastic constants
of the voids are assumed to be zero.
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The phase geometries required for
the mosaic model are determined by
the volume fractions of bonded ma-
terial, free fiber segments, and voids,
as calculated in Part 2.

Finite element modeling

The microstructure of paper has to
be specified before the mosaic model
can be implemented. However, the
fiber segments, fiber crossings, and
voids are distributed throughout a
paper sheet in a highly complex man-
ner, making a point-by point descrip-
tion of the structure virtually
impossible. To simplify the geometri-
cal modeling of the material, we ini-
tially consider paper composed of
bonds and fiber segments only.

In a paper of bonds and fibers only,
the elastic constants of the bonded
material are different from those for
the free segments but are within the
same order of magnitude (1). There-

fore, the description of the phase ge-
ometry should be less critical to pre-
diction accuracy than it would be if
the phase properties were highly dis-
similar.

Figure 2 shows the simplified geo-
metric description used for the mo-
saic modeling of paper. The
distributed phase is assumed to be of
cylindrical shape and to be regularly
distributed throughout the volume.
As demonstrated in Part 2, the vol-
ume fraction of bonds dominates over
that of free segments for a sheet of
an apparent density above 500 kg/
mé. Therefore, it is assumed that
bonded material constitutes the con-
tinuous phase and that free segments
constitute the distributed phase. The
simplified mosaic representation of
the paper structure is justified by
virtue of its computational simplicity
alone. Its merits have to be judged
on the basis of its ability to predict
paper properties.



3. Finite element model of a quarter section of the representative volume element
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Since the structure is periodic, it
is sufficient to model the representa-
tive volume element, depicted in the
blowup in Fig. 2. The elastic con-
stants and moisture expansion coef-
ficients of the constituents (fiber
segments and fiber crossings) were
determined using the series and par-
allel models.(1)

A two-dimensional, plane stress,
finite element model of the repre-
sentative volume element was con-
structed to determine the effective
in-plane engineering constants. As a
result of geometrical and loading
symmetries, it is necessary to model
only one-fourth of the representa-
tive volume element. Figure 3 illus-
trates this model.

The four-noded, quadrilateral,
isoparametric element STIFX 24 was
used in the finite element analysis
code ANSYS (6). For the purpose of
capturing the steep stress and strain
gradients at the circular phase

boundary, a fine mesh was con-
structed near the boundary. The di-
mensions of the elements at the
boundary are L/40 x L/40, where L is
the side length of the representative
volume element. The total number
of element is 172.

The volume fractions of fiber seg-
ments and bonded material, \ and
V... 1IN @ sheet of paper of a given
apparent density are obtained from
the Monte Carlo simulation of the
paper structure presented in Part 2.
The volume fractions of bonded ma-
terial and fiber segments are differ-
ent in a sheet of paper and in the
representative volume element, be-
cause the representative volume ele-
ment contains no voids. The volume
fractions of fiber segments and bonds
in the representative volume ele-
ment, denoted by V and

VRVE,bonds‘ are:

RVE,segs

VRVE,segs: Vseg!(vsegs + Vbond)

= DY/4L.2 (1a)
VRVE,bonds = Vbonds/(vsegs + Vbond)
=1-V (1b)

RVE,segs

where D is the diameter of the cylin-
drical phase region, as shown in Figs.
2 and 3. The appropriate diameter D
is required for finite element analy-
sis of a representative volume ele-
ment containing certain volume
fractions of bonds and segments. D
can be obtained by rearranging Eq.
la:

D= (Z‘ /-,-[1/2) [Vseg!(vsegs+ Vbondg] v (2)

Calculations of effective
engineering constants

Calculation of elastic constants

The in-plane elastic constants of the
mosaic model are calculated using
the finite element method by impos-
ing appropriate boundary conditions
on the representative volume ele-
ment. To calculate the elastic modu-
lus along the x axis, E, we place
tensile loading and boundary condi-
tions on the representative volume
element.

The upper graph in Figure 4 de-
picts these conditions. A uniform
stress, o, is applied along the bound-
ary indicated in the figure as the
“DB” line. This DB boundary is con-
strained to remain straight after de-
formation to guarantee compatibility
with neighboring representative vol-
ume elements. Compatibility with
these neighboring volume elements
also requires that the boundary de-
noted “CD” remains straight and that
it remains, on average, stress free.

Finite element analysis yields dis-
placements of the boundaries of the
representative volume element. The

average strain, ¢ _is
g, = 2Ax/L (3)

where Ax is the x-axis displacement
of DB boundary and L is the side
length of the representative volume
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4. Tensile loading and boundary conditions (top) and shear loading
and boundary conditions (bottom) applied on the representative

volume element

5. Upper and lower bounds and mosaic model predictions of Young's
moduli vs. moisture content. (Papers made from bleached chemical
pulp. pg..= 940 kg/m3. A = 0.38.)
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element. Assuming that paper is a
macroscopically homogeneous mate-
rial, the effective elastic modulus,
E,is

4
Poisson’s ratio v,, can be calculated
by

E =o/e,

v, = AylAx (5)

where Ay is the y-axis displacement
of the boundary depicted “CD”. The
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effective Young’s modulus, E, is
similarly calculated by the applica-
tion of a stress, o,

Boundary conditions appropriate
for the calculation of shear modulus
are illustrated in the lower graph in
Fig. 4. The AB boundary is con-
strained in both the x and y direc-
tions, whereas the CD boundary is
constrained to remain straight and
horizontal. The AC and BD bound-
aries should remain straight and par-

allel during deformation to maintain
compatibility with the neighboring
representative volume elements af-
ter shear deformation.

This condition is met by imposing
suitable constraints on the nodal dis-
placements. A uniform shear stress,
T,y Was applied on the CD bound-
ary. The average shear strain, Yy is

v, = 2L (6)



6. Predicted and measured Young's moduli

cross-machine directions for sheets made from bleached chemical
pulp. pg.. = 920 kg/m®. % = 0.246. Experimental data are from

Andersson (10).]

in the machine and

Andersson (10).]

7. Predicted and measured Young's moduli in the machine and
cross-machine directions for sheets made from bleached chemical
pulp. p,... = 940 kg/m® L = 0.67. Experimental data are from
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where Ax is the x-axis displacement
of the CD boundary. The effective
shear modulus, G, is

7

The moduli E, E, and G calcu-
lated in this way for a void-free pa-
per are corrected for the presence
of voids using results obtained for
cylindrical through-thickness voids
(7). There is no correction of
Poisson’s ratio pertaining to the

ny =1, /yxy

presence of voids (7). The normal-
ized elastic and shear moduli can be
related to the volume fraction of

v_oids, V e DY the following expres-
sion (7):
y =1 +O(1 Vvoids + az Vzvoids + O(3 V3voids

wherey =E/E , Ey/EyO, or ny/nyo'
E, Eyo, and G,  are the elastic and
shear moduli of the material without
voids (calculated above). E , E,. and

G, are the corresponding quantities
corrected for voids.

The parameters a,, a,, and o, are
tabulated elsewhere (7) for differ-
ent modulus ratios (EXO/EyO) (corre-
sponding to a certain value of the
orientation parameter L defined in
Parts 1 and 2). The void volume frac-
tion in a paper sheet, V.., can be
calculated from the apparent den-
sity, p... Of the paper sheet (8):
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8. Predicted and measured Young’s moduli in the machine and cross-machine directions, shear modulus, and Poisson’s ratio of linerboard.

Poneer = 634 kg/m3. ) = 0.73. Experimental data are from Baum et al. (12).]
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(where p,_.. is the density of cell-
wall material p_, = 1500 kg/m®) (9).
Calculation of the moisture
expansion coefficients

So far, we have focused on the calcu-
lation of elastic constants using the
mosaic model. The calculation of the
moisture expansion coefficients of
paper does not require a mosaic
model, inasmuch as Part 1 demon-
strated that the upper and lower
bounds on moisture expansion coef-
ficients, 8 and By, practically coin-
cide.
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wall assemblages are unéffected by
the voids and pores that are always
present in asheet of paper (7). There
is thus no need to correct 3 _and By
for the presence of voids.

Results and discussion

The calculation of the hygro-elastic
constants of paper starts with
micromechanical calculations of the
elastic constants of the cell-wall com-
posed of cellulose, hemicellulose, and
lignin, as described in Part 1. The
elastic constants of free fiber seg-
ments and fiber crossings are re-

and parallel models (1).

After these phase properties of
the mosaic model are identified, we
turn to the results from the Monte
Carlo-simulated sheets of Part 2.
These results are employed to iden-
tify the appropriate volume fractions
of segments and bonds (VSegs and
V., COrresponding to any given
apparent sheet density.

Based on this information, it is
possible to calculate the appropriate
dimensions of the representative vol-
ume element (Eq. 2). Finally, the
effective engineering constants of
paper are obtained from finite ele-
ment analysis of the representative



I. Measured (9) and calculated moisture expansion coefficients for

papers made from bleached chemical pulp

Il. Measured (10) and calculated moisture expansion coefficients for

paper made from bleached chemical pulp

3 13

MD CD

BMD BCD
Isotropic sheet
Experimental 0.11 0.11 .
Predicted 0.19 0.19 Experimental
Predicted
Oriented sheet
Experimental 0.06 0.22
Predicted 0.05 0.33 Experimental
Predicted
Peneer = 800 kg/m®.

Low-anisotropy paper (E,,,/E.,

Highly oriented paper (E,/E,

= 1.4, p.=920 kg/m3)

0.14+0.09 0.22+0.11
0.13 0.20

= 2.6, p., =940 kg/m?)

0.11+0.06 0.38+0.16
0.06 0.26

9. Predicted and measured Young's moduli vs. apparent sheet density for isotropic ground-
wood sheets. [50% RH. A = 0. Experimental data are from Fellers et al. (14).]
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volume element, as discussed in the
previous section.

In examining how well the model
predicts the properties of paper, we
will consider papers made from
bleached chemical pulp, linerboards,
and papers made from groundwood
pulp fibers.

Bleached chemical pulp

Figure 5 shows mosaic model re-
sults plotted against moisture con-
tent. The upper and lower bounds
are also shown, indicated by plus
and minus superscripts on E,, and
E.,- These papers were made from
bleached chemical pulp, at 55% cel-
lulose and 45% hemicellulose (by vol-

ume) (9), with an apparent density
Paeer = 940 kg/m® and orientation
parameter A = 0.38. Both E ,  and
E_, decrease with increasing mois-
ture content as a result of the soft-
ening of hemicellulose and lignin.

As expected, the mosaic model
predictions fall between the bounds,
but they are closer to the upper
bound than to the lower bound. This
outcome can be accounted for by the
differences in volume fractions. In
such a high-density paper, the
bonded material dominates over free
segments.

Andersson performed measure-
ments of Young’s moduli in the ma-
chine and cross-machine directions

for papers made from bleached
chemical pulp (pg,., = 920 and 940
kg/m?) over a range of relative hu-
midities (10). The chemical compo-
sition of the pulp fibers was 55%
cellulose and 45% hemicellulose (by
volume) (9). The average fiber
length, width, and thickness were
1.96 mm, 19.3 um, and 5 um, respec-
tively (10).

The orientation parameter A in
the Cauchy distribution function (1,
2) was not measured. However, we
were able to back-calculate the value
by comparing and adjusting A until
the elastic modulus ratio E,, /E_,
calculated from the mosaic model
agreed with the experimental value.
For sheets of densities p, . = 920
kg/m® and 940 kg/m® and modulus
ratios E,, /E_, = 1.4 and 2.6 at 50%
RH (10), this procedure yields A =
0.246 and 0.670, respectively.

Figure 6 shows a plot of mea-
sured and calculated Young’s moduli
for the low-anisotropy paper (A =
0.246) vs. moisture content. The pre-
dictions of the moduli E,,; and E_
from the mosaic model are some-
what high although they are in rea-
sonable agreement with the
experimental modul. The papers
with which Andersson worked were
dried under constraints but were
subsequently subjected to cyclic hu-
midity changes between 30% and
90% RH to relieve dried-in stresses.
This process is known to reduce the
moduli by the introduction of
“microcompressions” at the bond
sites (11). Our model predictions are
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made under the assumption that the
cell wall contains no micro-compres-
sions, which would explain the
overprediction of the moduli.

Figure 7 shows E,, and E_ plot-
ted against moisture content for the
more highly oriented paper (A =0.67,

Pneet — =940 kg/m?). The mosaic model
again overpredicts the moduli E,,
and E_,. The discrepancies between
experimental and predicted values
are attributed to the factors already
discussed.

The moisture expansion coeffi-
cients B, and B_, can be calculated
from either the series model or the
parallel model (1). Let us consider
first the experimental data for
bleached chemical pulp published by
Salmen etal. (9). They examined iso-
tropic and oriented sheets of a den-
sity of 800 kg/m® To compare our
model and their data, we adjusted
the orientation parameter A until the
calculated and measured modulus
ratio E,, /E_, for the sheets coin-
cided (E,,,/E., = 1.0 for A =0 and
3.0 for L = 0.812).

Table I summarizes measured
and calculated moisture expansions
coefficients B, and . As the table
shows, the model overpredicts B for
the isotropic sheet (A = 0), while the
predictions are more reasonable for
the oriented sheet (A = 0.812). The
reasons for the discrepancies are not
known, but the differences may pos-
sibly be attributed to the
micromechanical modeling and to the
assumption of isotropic swelling and
volume additivity used for the hemi-
cellulose (1). Furthermore, the amor-
phous fraction of cellulose is
considered as being a part of the
hemicellulose, which may not be ap-
propriate when predicting moisture
expansion.

Table Il compares moisture ex-
pansion coefficients measured on
sheets made from bleached chemi-
cal pulp (10) and calculations from
the model. The table includes the
paper of low anisotropy of Fig. 6 and
the highly oriented paper of Fig. 7.
The predicted hygroexpansion coef-
ficients 3, and B_, are in reason-
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able agreement with experimental
data, but the large scatter prohibits
detailed comparisons.

Linerboard

Baum et al. measured the in-plane
elastic constants of linerboard of ap-
parent density of 600 kg/m?® between
20% and 80% RH (12). The chemical
composition of the fibers, fiber di-
mensions, and fiber orientation data
were not provided in their study. For
the prediction of mechanical prop-
erties, the fibers in linerboard were
assumed to contain 40% cellulose,
46% hemicellulose, and 14% lignin
(by volume) (13). The fiber length,
width, and thickness were assumed
to be 2 mm, 25 pm, and 5 pm, respec-
tively (13). The parameter A is 0.73,
according to the back-calculation
procedure.

Predicted curves and experimen-
tal data on the Young’s moduli, shear
modulus, and Poisson’s ratio for
Iinerboard are shown in Fig. 8. Both

E,, and E_, calculated from the
mosaic model somewhat exceed the
experimental data. Figure 8C shows
the results for the shear modulus
G, . At low moisture contents, the
experlmental dataon G, almost co-
incide with the upper bound At high
moisture contents, the mosaic model
predictions of the shear modulus are
very close to the measured experi-
mental data. Figure 8D shows that
the upper and lower bounds on
Poisson’s ratio v,, are quite close.
The mosaic model slightly underes-
timates the Poisson’s ratio Vo

Sheets from groundwood pulp

The elastic modulus of isotropic pa-
per sheets made from groundwood
pulp was calculated for a range of
apparent densities at 50% RH.
Groundwood pulp was assumed to
contain 36% cellulose, 40% hemicel-
lulose, and 26% lignin (by volume)
(13). The fiber length, width, and
thickness were assumed to be 1 mm,
22 pym, and 5 pm, respectively.
Figure 9 shows a plot of calcu-
lated and measured Young’s moduli

vs. apparent density, p, ... The solid
line is based on the experimental
results presented by Fellers et al.
(14), and the dotted lines are predic-
tions we made using the mosaic
model. The measured modulus is
close to the lower bound.

In groundwood pulp, only about
20% of the solids content consists of
long fibers. Groundwood pulp con-
tains about 30% fines and 50% fibers
in the middle fraction (15), which
would tend to reduce the modulus of
the sheet. The model presented here
does not take into account the way
in which fines may contribute to load
transfer, nor would it account for
the substantial variations in fiber
dimensions in such a sheet.

The model would thus need to be
modified for papers made from me-
chanical pulps, especially those made
from groundwood pulp, which con-
tains only a small fraction of long
fibers. Moreover, the apparent den-
sity of groundwood pulp sheets is
quite low, and continuum modeling
of such sheets may be questionable.

Conclusions

This mosaic model can be used to
calculate the elastic properties of
paper, which is considered to be com-
posed of free fiber segments, fiber
crossings, and voids. The most im-
portant parameters for the use of
the mosaic model are apparent sheet
density, moisture content, and fiber
orientation. Also required are fiber
dimensions, but they are of minor
importance according to the analy-
sis presented in Part 2. The chemi-
cal composition of the cell wall
(volume fractions of cellulose, hemi-
cellulose, and lignin) is also impor-
tant, particularly because the elastic
constants are sensitive to moisture.

The finite element method is used
to determine effective hygro-elastic
properties of paper, based on analy-
sis of the represetnative volume ele-
ment. After correcting the elastic
stiffnesses for voids in the paper,
the predictions of elastic constants
can be compared with experimental



data. The prediction of the moisture
expansion coefficients does not re-
quire the mosaic model because the
lower and upper bounds practically
coincide.

The predictions of elastic moduli
in the machine and cross-machine
directions for papers made from
bleached chemical pulp and for
linerboards were in reasonable
agreement with experimental data
collected over a wide range of mois-
ture contents. The mosaic model pre-
dictions of the elastic moduli were
generally higher than the values ob-
served in the experiments. This re-
sult may be attributable to
microcompressions in fiber crossings
or curved fiber segments, which are
factors not covered by the model.

The predicted shear modulus of
linerboard was below the experimen-
tal data at low humidities and was in
very good agreement with experi-
mental values at high humidities. The
experimental shear modulus was
thus more sensitive to the softening
influence of moisture than the pre-
dicted shear modulus.

The predictions of Poisson’s ratio
were in good agreement with experi-
mental data.

The predicted Young’s modulus
for isotropic groundwood sheets was
larger than that observed experi-
mentally. This outcome may arise
from the presence of materials other
than long fibers and from the low
apparent density that such papers
have.

Finally, the composite model pro-
vides reasonable predictions of mois-
ture expansion coefficients, but
substantial experimental scatter pre-
vents more detailed comparisons.
More accurate experimental data are
needed to further judge the merits
of the modeling. The regular ar-
rangement of free fiber segments
and bonded material in the mosaic
model is a very primary simplifica-
tion. A more realistic geometrical
representation of the microstructure
of paper would probably give more
accurate predictions of paper me-

chanical properties.
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