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PEER REVIEWED

C ONTROLLING SHEET STRUCTURE

in the thickness direction
(z-direction) is key to pro-
duction of high-perfor-

mance papers for coating, convert-
ing, and printing (1–3).

Papers commonly experience
tensile strain perpendicular to the
plane of the paper. For example, the
process of separating a printing
plate or blanket from the paper
exerts a pull on the sheet surface.
The force of the pull depends on the
tackiness of the ink, the rate at
which the plate is removed, the
angle of separation, and other fac-
tors. If the surface fibers or coating
on the sheet are not bonded strongly
enough to the sheet, they will be
pulled out, or picked, during the
plate-separation process. Also, sur-
face roughness and the compress-
ibility in the z-direction of paper
play a major role in determining
print quality. The surface strength,
roughness, and compressibility are
greatly affected by pore structure,
fiber bonding strength, and bonding
structures in the thickness direction.

With rapid development of vari-
ous industries and an increase of
trade with Asian and East European
countries, more and more papers
and paperboards are being used as
packaging and wrapping materials.
High tensile strength and shear
strength in the thickness direction
are critical for packaging materials.
These issues are becoming increas-
ingly important for a U.S. paper
industry in competition with world
markets.

Our goal is to understand the
fundamental effects of z-directional
microstructure of paper on sheet
mechanical properties in the z-direc-
tion. Although a vast amount of
knowledge has been accumulated
for paper properties measured in the
sheet plane direction, little is known
about those properties in the thick-
ness direction. Traditionally, paper is
treated as a two-dimensional (2-D)
model in which fibers randomly lie
in a plane (4–7). For a machine-
made paper, a 2-D distribution func-
tion is introduced to take into
account the microstructural differ-
ence between the machine direction
(MD) and the cross-machine direc-
tion (CD). Many theoretical and
experimental studies on the 2-D
angular-distribution function have
been conducted since 1952, when
Cox (8) used a Fourier function to
describe the distribution of fibers.
Since then, the elliptical (9), cosine
(10), bimodal cardioid, wrapped
Cauchy (11), and Von Mises (12)
functions have been proposed as the
distribution function. Schulgasser
(11) compared these various func-
tions and found that the wrapped
Cauchy distribution is best able to
predict the observed mechanical
properties of paper.

However, in the real world,paper
is a three-dimensional (3-D) struc-
ture. Some mechanical properties—
such as thickness-directional (z-
directional) tensile strength and
shear strength—largely depend on
the z-directional distribution of
fibers, particularly for high-gram-
mage machine-made papers, if not

for lab-made papers. Habeger, Mann,
and Baum (13–15) found that paper
could adequately be described as an
orthotropic material. If nine elastic
properties are known, the three-
dimensional elastic response of the
paper to applied stresses can be
computed. Such information is nec-
essary to characterize the end-use
behavior of paper and for use in
modeling containers or other struc-
tures. Acoustic methods have been
successfully developed for measur-
ing the nine elastic properties neces-
sary to describe paper in three
dimensions (14, 16, 17).
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Nevertheless, progress on micro-
mechanical modeling of paper in 3-D
space has been very slow. Cox’s 2-D
model and 3-D isotropic model have
been used for more than 40 years. A
microstructural model correspond-
ing to a 3-D anisotropic machine-
made paper still is not available,
although the nine elastic constants
have been measured in the labora-
tory. To fill this gap, a 3-D angular-dis-
tribution function (ADF) has been
developed to characterize the fiber
orientations quantitatively for
machine-made paper (18). Conse-
quently, the nine elastic moduli have
been predicted analytically by using
the 3-D ADF and microstructural
model.

In the next section of this paper,
the derivation of the 3-D ADF is
given. After that, the discussion
moves on to develop a z-directional
ordering parameter that can be used
to measure the degree of z-direc-
tional orientations of the fibers.
Finally, as an application of the ADF,
infinite-fiber-length and finite-fiber-
length models of paper are pre-
sented in 3-D space. The analytic
derivation for the elastic constants in
the machine-made paper is given in
terms of single fiber properties and
the ADF. Modelings for both the

machine-made paper and the hand-
sheets are then conducted.

3-D ANGULAR-DISTRIBUTION
FUNCTION

In general, the density of fibers in
paper (number of fibers per unit vol-
ume), ρ(r,θ,φ), is a function of posi-
tion r in the paper and polar angle
(θ,φ), as shown in Fig. 1. If the den-
sity of fibers depends only on the
orientation of fibers, not on the posi-
tion of the fibers, then the density
can be written as

ρ (r ,θ,φ) = ρ
0

f (θ,φ)

where

ρ
0

= average number of fibers 
per unit volume

f (θ,φ) = angular-distribution func-
tion, defined as the possi-
bility of finding a fiber 
per unit solid angle at 
polar angle (θ,φ).

Thus

f(θ,φ) = (1/n)    δ (cos θ – cos θ
i
)

δ (φ – φ
i
) (1)

may be directly measured from labo-
ratory equipment. In Eq. 1,

δ = Dirac delta function (19)
n = number of fibers
i = indicates the ith fiber in the  

system.

The ADF can be expanded in the
series of spherical harmonic func-
tions

l=∞ m=l

f (θ,φ) = ∑ ∑
l=0     m=–l

Q*
lm

Y
lm

(θ,φ) (2)

where

l and m = integers
Q*

lm
= coefficients in complex 

numbers
Y

lm
(θ,φ) = spherical harmonic 

functions.

It is more convenient to write
the ADF in a real space (19), i.e.,

l=∞ m=l

f (θ,φ) = ∑ ∑
l=0     m=–ll

[Qc
lm

Yc
lm

(θ,φ) + Qs
lm

Ys
lm

(θ,φ)]
(3)

where Qc
lm

and Qs
lm

are expansion
coefficients. The variables Y c

lm
and

Y s
lm

are defined in Eqs. 4 and 5,
respectively.
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Yc
lm

= P
lm

(cos θ)C
m
(φ) (4)

Ys
lm

= P
lm

(cos θ)S
m
(φ) (5)

where P
lm

(cos θ) is a normalized
Associated Legendre function. The
variable C

m
is defined in Eqs. 6 and 7,

and the variable S
m

is defined in Eq.
8.

C
m
(φ) = [1/(π)1/2] cos mφ, m ≠ 0

(6)

C
0

= 1/(2π)1/2 (7)

S
m
(φ) = [1/(π)1/2] sin mφ (8)

Substituting Eq. 1 into Eq. 3, mul-
tiplying the result by Y c

lm
or Y s

lm
,

integrating both sides of this equa-
tion, and making use of the orthogo-
nality properties of the basis func-
tions, one obtains Eqs. 9 and 10:

Qc
lm

= (1/n)    P
lm

(cos θ
i
)C

m
(φ

i
)
(9)

Qs
lm

= (1/n)    P
lm

(cos θ
i
)S

m
(φ

i
)
(10)

Because of the orthogonality of
harmonic functions, the terms with l
> 4 do not contribute any physical

property to the paper (see Appendix
A). Therefore, the series is truncated
at l = 4.Furthermore, if a symmetrical
invariance of inversion for the fiber
network is imposed, all odd l terms
can be deleted because the parity of
the spherical harmonic functions is l.
Assuming that the fiber-orientational
distribution is symmetric with
respect to the midplane, MD, and CD
of the sheet, all terms that contain
sin mφ can be dropped. (Thus the
superscripts s and c in coefficients
Qs

lm
and Qc

lm
are dropped from now

on.) Therefore, the 3-D ADF for
machine-made paper is

f(θ,φ) = (1/4π) + [Q
20

P
20

(cos θ)C
0
] + 

[Q
40

P
40

(cos θ)C
0
] + 

[Q
22

P
22

(cos θ)C
2
(φ)] + 

[Q
42

P
42

(cos θ)C
2
(φ)] + 

[Q
44

P
44

(cos θ)C
4
(φ)] (11)

Five independent coefficients—
Q

20
, Q

40
, Q

22
, Q

42
, and Q

44
—are

required to describe the orientation
of fibers in the machine-made paper
in the 3-D space. Assuming angular
distribution of fibers is isotropic in

the x–y plane, such as in handsheets,
allows one to focus on only the z-
directional distribution of fibers. In
this case, the ADF is reduced to a
simpler form requiring only two
coefficients, as seen in Eq. 12.

f(θ,φ) = (1/4π) + [Q
20

P
20

(cos θ)C
0
] + 

[Q
40

P
40

(cos θ)C
0
] (12)

Only two independent coeffi-
cients, Q

20
and Q

40
, are needed for

this case. In particular, Q
20

can be
used to measure the degree of the z-
directional orientation of the fiber
network. I call it the z-directional
ordering parameter of the fibers and
will address it later. I have assumed
that the z-axis of the coordinate sys-
tem traditionally coincides with the
thickness direction of the paper.

Note that the method of normal-
izing f(θ,φ) here is different from that
used by Cox (8). The first term of
the ADF in the present work is 1/4π
rather than 1/2π (8). However, the
final results for the mechanical prop-
erties do not depend on the method
of normalizing f(θ,φ) and should be
the same.
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Z-DIRECTIONAL ORDERING 
PARAMETER

If fibers are uniformly and randomly
distributed in a 3-D space, then the
symmetry of this paper is com-
pletely spherical. In turn, all expan-
sion coefficients, Q

lm
in Eq. 11, are

equal to zero except the first term,
which is equal to 1/4π, and the phys-
ical properties of the paper are
isotropic. However, in reality, the
fibers are ordered in some way, by
fluid flows in the headbox, by the
drainage process, by the motion of
wire,or by the felt moving in the MD
during the papermaking process. As
a result, paper is a sort of random
fiber network with a certain degree
of fiber aligning order that depends
on the processes of papermaking.
With this in mind, expansion coeffi-
cients Q

lm
are no longer equal to

zero. The ordering of fibers in the
random system contributes
anisotropic properties to the paper
in the MD, CD, and thickness (z-
direction) through these nonzero
expansion coefficients.

It is very useful to define a global
parameter to characterize the degree
of z-directional ordering of fibers
quantitatively. The coefficient Q

l0
is

calculated from Eq. 9 by averaging
P

l0
(cos θ) over all the local fibers in

the system. Consequently, statistical
meaning is instinctively attached to
the global coefficient Q

l0
. It is

remarkable that Q
20

and Q
40

(m = 0
in Eq.9) among all Q

lm
are associated

with the fiber polar angle θ only and
are independent of the in-plane
angle φ. Can one take them as order-
ing parameters to measure the
degree of the z-directional orienta-
tion of the fibers? To answer this
question, both P

20
(cos θ) and P

40
(cos

θ) are plotted as a function of the
variable x = cos θ in Fig. 2. It is clear
that the value of P

20
(x) increases

monotonically with the absolute
value of x, while that of P

40
(x) does

not. For example, if all fibers lie in
the x–y plane, i.e., x = cos π/2 = 0 in
the coordinate system shown in Fig.
1, then P

20
(x) = –0.5. This corre-

sponds to the lowest z-directional
ordering. Indeed, the z-directional
ordering is zero for the case. If all
fibers are parallel with the z-axis, i.e.,
x = (0)= ±1, then P

20
(x) = 1. This

means that the fibers have the
largest z-directional ordering. It is
concluded that only Q

20
, which is

directly linked to the local parame-
ter P

20
(x

i
) by

Q
20

= (C
0
/n)∑

i
P

20
(x

i
)

from Eq. 9, can be used as an order-
ing parameter to measure the degree
of z-directional orientation globally.
In other words, the value of Q

20

increases with increasing z-direc-
tional ordering of fibers.

The following is a good example.
Hasuike et al. (2) reported their
experimental data on a 3-D
microstructure of paper obtained by
serial sectioning with a microtome.
However, it is impossible to derive all
information for the angular distribu-
tion of a real paper based on their
statistics for only 138 fiber segments.
Only two projection curves of the z-
directional distribution function—
one on the y–z plane and the other
on the x–z plane—are available from
their work. The two curves do not
correspond to the z-directional angu-
lar distribution of the real papers,
because the projections exaggerate
the z-directional distribution. Never-
theless, some useful information can
be extracted from their experimen-
tal work.

Both curves were used to con-
struct two different fiber networks
of papers. Fiber network one (Case
1) is constructed by using projection
curve A of Fig. 8 in the work of
Hasuike et al. (2) as the z-directional
distribution function. Fiber network
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two (Case 2) is made by using pro-
jection curve B from the same fig-
ure. It is assumed that the fiber net-
work in the in-plane direction is
isotropic for both cases, so that the
attention is paid only to the z-direc-
tion orientation of the fibers. The
analytic ADF can be obtained by fit-
ting Q

20
and Q

40
to the projection

curves according to Eq. 12. The gen-
eral “linear least squares with singu-
lar value decomposition” technique
(20) was used to optimize the fitted

values of Q
20

and Q
40

. It has been
obtained that Q

20
and Q

40
are

–0.13957 and 0.074529, respec-
tively, for Case 1, and –0.17035 and
0.0036436 for Case 2. The fitting
results are shown for Case 1 in Fig.
3 and for Case 2 in Fig. 4. The fit-
tings are fairly good, supporting our
contention that the three-dimen-
sional ADF seems reasonable for
practical use. In these two figures,
both the original curves, derived
from the experimental data, and the
fitted curves have been normalized
to 1 in 3-D space.

It is worth noting that the value
of Q

20
in Case 1 is larger than that in

Case 2, indicating that the degree of
z-directional ordering of fibers in the
CD is larger than in the MD for the
paper tested. Clearly, the parameter
Q

20
plays an important role in deter-

mining the degree of global z-direc-
tional ordering.

PREDICTION OF NINE ELASTIC
CONSTANTS

Paper is a three-dimensional, ran-

domly distributed fiber network.
Macromechanical properties of the
paper, such as the nine elastic con-
stants, depend essentially on the
properties of fibers and their distrib-
ution in 3-D space.

To illustrate wide usages of the
3-D ADF, it will be employed to pre-
dict mechanical properties of paper
by using a microstructural model of
sheets.However, the function itself is
independent of the details of the
model.

3-D microstructural model of
paper

With Cox’s model of paper (8), each
fiber is assumed to extend in one
straight line throughout the whole
body of the network and to be
loaded only at its ends. In that
model, fibers can transmit load only
in tension. If the sheet is under the
possible straining, eαß

(α,ß=x,y,z),
then strain e

f
along the fiber with

polar angle (θ,φ) is given by

e
f
= (sin2θ cos2φ e

xx
) +

(sin2θ sin2φ e
yy
) + (cos2θ e

zz
) + 

(sin2θ cos φ sin φ e
xy
) + 

(sin θ cos θ cos φ e
xz
) +

σ0 Q20 Q40

A … 0.0 0.0
B 0.60 –0.099805 0.016633
C 0.45 –0.150064 0.042747
D 0.35 –0.206010 0.084417
E 0.30 –0.234622 0.117247
F 0.28 –0.245876 0.132680
G 0.26 –0.256775 0.149107

I. Fitted values of ADF coefficients (Q20 and Q40) for six cases of σ0 in handsheets

II. Calculated Young’s modulus and Poisson ratio for Cases A–G (handsheets)

YOUNG’S MODULUS, km POISSON RATIO

E11 E33 G12 G23 ν12 ν23

A 875.52 875.52 350 350.21 0.25 0.25
B 1078.02 495.99 432.31 298.83 0.247 0.173
C 1185.35 326.07 476.81 260.37 0.243 0.137
D 1290.56 148.86 528.58 208.63 0.221 0.0987
E 1322.17 72.28 557.09 173.99 0.187 0.0781
F 1309.91 46.69 568.75 158.58 0.152 0.0697
G 1230.94 22.71 580.31 142.60 0.0606 0.0614
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7. Ratio of E11 to E33 as a function of the
z-directional ordering parameter Q20.
(Note: Q20 increases with increasing z-
directional ordering.)

E11/E33 G12/G13

A 1.0 1.0
B 2.17 1.45
C 3.64 1.83
D 8.67 2.53
E 18.30 3.20
F 28.06 3.59
G 54.20 4.07

III.Values of E11/E33 and G12/G13 for Cases
A–G (handsheets)
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(sin θ cos θ sin φ e
yz
) (13)

where engineering strains are
employed.

The energy density, W, can be
written as

π 2π
W = (1/2) ∫ ∫ σ

f
e

f
V

f
N f(θ,φ) 

0   0

π 2π
sin θ dθ dφ = (1/2) ∫ ∫

0   0

(ρ
p
/ρ

f
) E

f
e

f
2 f(θ,φ) sin θ dθ dφ(14)

where

σ
f

= stress along the fiber
V

f
= volume of a single fiber

E
f

= modulus of a single fiber
N = total number of fibers per unit

volume
ρ

f
= density of fibers

ρ
p

= apparent density of paper.

Substituting Eq. 13 into Eq. 14,
expanding each of the terms for sine
and cosine in e

f
2 (see Eq. 13) in the

series of the real spherical harmonic
functions, and using their orthogo-
nality properties,all elastic constants
of the sheet can be calculated from

σαß
= ∂W/∂eαß

= Cαßµν e
µν (15)

where

α,ß = x,y,z
σαß

= stress tensor
Cαßµν = elastic constant tensor.

The nine elastic constants for
machine-made paper have been pre-

dicted analytically in terms of fiber
properties and the five coefficients.
To reduce the size of this report, all
formulas for the nine elastic con-
stants are collected in Appendix B.
The calculation method used here is
different from and better than Cox’s
original procedure.

Note that if the breaking length is
used as a unit of modulus, then K in
Appendix B should be corrected by
the apparent density of paper, i.e., K
= E

f
/ρ

f
. In this way, porosity is taken

into account automatically in the
lowest order, and the modulus of the
paper has already been corrected by
the density of the paper. The other
elements of the elastic matrix in
Appendix B fall into zero naturally
because of the symmetrical proper-
ties of the ADF. The relation between
stress tensor σ and strain tensor e
can be expressed as a matrix form, σ
= Ce or e = C–1σ, and the various
Young’s moduli and Poisson ratio can
be calculated.

If paper is isotropic in 3-D space,
then all Q

lm
are zero except Q

00
Y

00
=

1/4π, and the previous results for C
ij

are correctly reduced to those in
Cox’s work (8), as expected. The
isotropic case is included in the pres-
ent results as a special simple case.
The present results are for all the
anisotropic cases and are much more
general than Cox’s work. A commer-
cial symbolic calculation package,
MAPLE, developed by the University
Waterloo (21), was used to carry out
both the analytic and numerical cal-
culations.

When fibers are short and the
fiber “end effects” cannot be
neglected, a finite-fiber-length model
should be used. Let us consider a sin-
gle fiber with finite length l

0
embed-

ded in the fiber network where
fibers are bonded together. Assume
that the fiber is rodlike with radius r

0

and that the mean separation of the
fibers (normal to their length) is r

1
. If

the fiber network (sheet) is sub-
jected to strain eαß

, then strain e
s

in
the sheet along the fiber direction at
a distance r

1
from the fiber centroid

is governed by the same equation as
in Eq. 13, except e

f
is replaced by e

s
.

Shear stress τ may transfer from the
fiber surrounding at r = r

l
to the fiber

interface at r = r
0
. Using a mean field

method, one can calculate the elastic
constant without difficulty following
the similar method in the previous
paragraphs. Final results for the elas-
tic constants are similar to Eqs.19–27
in Appendix B, where K is now
replaced by

(E
f
/ρ

f
) {1 – [tanh(λ

0
l
0
/2)/(λ

0
l
0
/2)]

for the finite-fiber-length model (the
unit is breaking length), where

l
0

= fiber length
λ

0
= [H/(E

f
A)]1/2

A = cross-sectional area of the fiber
H = (2πG)/ln(r

1
/r

0
)

G = mean shear-transfer constant.

Modeling for handsheet
The five coefficients of the ADF can
be obtained by fitting these coeffi-

IV. Fitted values of ADF coefficients (Q20, Q40, Q22, Q42, and Q44) for six cases of σ0 (machine-made papers)

σ0 Q20 Q40 Q22 Q42 Q44

H 0.60 –0.099525 0.016775 0.174994 0.0048864 0.0370663
I 0.45 –0.153860 0.042856 0.188001 –0.0274024 0.0411597
J 0.35 –0.205934 0.084461 0.200462 –0.0645980 0.0453377
K 0.30 –0.234542 0.117554 0.207304 –0.0887626 0.0477842
L 0.28 –0.245578 0.133048 0.209991 –0.099208 0.0487855
M 0.26 –0.256659 0.149623 0.212591 –0.109906 0.0497778 
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cients to the experimental curves of
fiber distribution.Unfortunately, tech-
niques to measure the angles of
fibers in a 3-D space are not yet avail-
able. Alternatively, to focus on the z-
directional ordering of paper, it is
assumed that the angular distribution
in the in-plane directions is isotropic
and that the z-directional angles of
fibers follow normal Gaussian func-
tions with respect to x = cos θ:

x2/2σ
o
2f (θ) = H

0
e– (16)

The Gaussian function is normal-
ized to 1 by integrating x from x =
cos θ|θ = 0

= 1 to x = cosθ|θ = π = –1,
and H

0
is the normalized coefficient.

In this way, the degree of z-direc-
tional orientation of fibers can be var-
ied through parameter σ

o
. Then Q

20

and Q
40

are fitted to the Gaussian
functions by using the same tech-
nique used before (20). Figure 5
shows the fitted ADF and Gaussian
function for Case C (σ

o
= 0.45) and

Fig. 6 for Case D (σ
o
= 0.35). The fit-

ted values of Q
20

and Q
40

for six cases
are collected in Table I. The table
shows that the higher the degree of
z-directional orientation, the larger
are the values of Q

20
. Thus the degree

of fiber orientation in the z-direction
is characterized by values of Q

20
, and

the degree of the fiber orientation in
the z-direction decreases continu-
ously from Case A to Case G. The
validity of the ordering parameter Q

20

is also proved from decreasing values
of Q

20
with decreasing σ

o
in Table I.

The calculated results for the
Young’s modulus and the Poisson
ratio are obtained for these cases by
using the infinite-fiber-length model
and presented in Table II. In the cal-
culation, the apparent density, ρ

p
, of

paper is 720 kg/m3, and the single
fiber modulus E

f
/ρ

f
is 5253 km in

breaking length, corrected by the
assumed fiber density ρ

f
= 1500

kg/m3.The fiber modulus can also be
expressed as E

f
= 77.3 GPa, which

corresponds to chemical pulp (22,
23).

The ratio of E
11

to E
33

in the cal-
culated results is 1 for isotropic Case
A and 54.20 for Case G, as shown in
Table III. The ratio rapidly increases
with decreasing z-directional orien-
tation of fibers,as shown in Fig. 7. In
contrast, the ratio of G

12
to G

13
is 1

for Case A and 4.07 for Case G. From
these results, it is clear that the ratio
for tensile modulus is much more
sensitive to the z-directional orienta-
tion of fibers than that for shear
modulus.

Modeling for machine-made
paper

Among the characteristics of
mechanical properties of machine-
made papers is that the elastic con-
stants are different in the MD, CD,
and thickness directions. The differ-
ence of fiber orientation in MD and
CD has been experimentally investi-
gated by Perkins and Mark (24). In
modeling the machine-made paper, it
is assumed that the fiber orientation,
φ, in MD and CD follows their results

and that the z-directional orienta-
tion, θ, follows the same pattern as
the handsheet (Eq. 16). Thus, the
ADF is written as

f (θ,φ) = {(1/2π) + 

a
2
[cos 2φ/(π)1/2] + a

4
[cos 4φ/

x2/2σ
o
2(π)1/2]} H

0
e– (17)

with x = cos θ. The values for a
2

and
a

4
are taken as 0.234 and 0.051,

respectively, from Perkins and Mark’s
experimental results (24). The pre-
viously described Gaussian function
is normalized to 1 by integrating it
from x = 1 to x = –1. Then, coeffi-
cients Q

20
,Q

40
,Q

22
,Q

42
, and Q

44
in Eq.

11 are numerically fitted to Eq. 17.
However, the fitting is carried out in
the two dimensions (20) for variable
φ and x = cos θ. The number of data
points is 10,000 in the fitting.The fit-
ted values of these coefficients are
presented in Table IV. The accuracy
for the two-dimensional fitting is a
little bit lower than for the one-
dimensional fitting. However, com-
parison of Tables I and IV shows that
the fittings for Q

20
and Q

40
are within

0.3% for the handsheets and the
machine-made papers..

The fitted ADF is used to calcu-
late the nine elastic constants
according to Eqs.19–27 in Appendix
B. The calculated values of Young’s
modulus and Poisson ratio in the x-,
y- and z-directions are listed in
Table V. Again, the ratio of E

11
to E

33

YOUNG’S MODULUS, km POISSON RATIO

E11 E22 E33 G12 G13 G23 ν12 ν13 ν23

H 1626.13 525.49 497.47 393.231 422.916 174.765 0.154 0.173 0.173
I 1790.82 581.92 309.45 436.657 366.191 151.39 0.151 0.135 0.135
J 1928.33 636.14 149.54 480.981 294.976 122.060 0.142 0.098 6 0.0988
K 1952.31 661.33 74.16 506.95 245.79 101.810 0.127 0.0779 0.0782
L 1919.57 665.82 48.66 517.40 223.99 92.88 0.112 0.0695 0.070
M 1758.81 653.67 24.07 528.083 201.137 83.430 0.0695 0.0616 0.0611

V. Calculated Young’s modulus and Poisson ratio for Cases H–M (machine-made papers)
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for the machine-made paper
increases (from 3.27 for Case H to
73.07 for Case M) with decreasing z-
directional orientation, as shown in
Table VI. The ratio increases dra-
matically when most fibers are ori-
ented at the range of small angles of
z-directional orientation, as shown
in Fig. 7. The small z-directional
angle corresponds to θ around π/2
in the present coordinate system.
Similar behavior is found for the
ratio of E

22
to E

33
. The values of

G
12

/G
13

and G
12

/G
23

also increase
with decreasing z-directional orien-
tation of the fibers.However,as with
the handsheets, the fiber orientation
affects the tensile modulus much
more profoundly than it affects the
shear modulus,as shown in Table VI.
The ratio of Young’s modulus in MD
to that in CD decreases slightly with
decreasing z-directional orientation.

Since experimental data of the
angular distribution of fibers in 3-D
space are not available, it is difficult
to compare the theoretical results
with experimental values directly.
However, the main results for the
Poisson ratio and for the tensile and
shear moduli fall into the range of
experimental results (25). Only the
ratio of E

11
to E

33
in this calculation

seems still smaller for the case with
very small angles of z-directional ori-
entation, compared with the experi-
mental values. This problem may be
caused by inaccurate fitting. In this
case, a step function should be used
as an ADF, and the transversal prop-
erties of single fibers should be

incorporated to remove the negative
Poisson ratio (ν

12
) obtained by Cox

(8).This will be included in the next
report.

Nevertheless, the present work
shows that the 3-D ADF can be used
to predict the mechanical proper-
ties of fiber networks—ranging from
isotropic Case A to anisotropic Case
M—with small z-directional orienta-
tion.

CONCLUSIONS
An anisotropic, three-dimensional,
angular distribution function (ADF)
was developed to describe fiber ori-
entation in a random fiber network.
Five coefficients, Q

20
, Q

40
, Q

22
, Q

42
,

and Q
44

, are needed to describe
machine-made papers. For a hand-
sheet, where fiber angular distribu-
tion in the in-plane direction is
isotropic, only two coefficients, Q

20

and Q
40

, are needed. Since Q
20

increases monotonically with
increasing (absolute) value of x =
cos θ, Q

20
can be used to measure

the degree of the z-directional orien-
tation of fibers globally. Therefore,
Q

20
is defined as a z-directional

ordering parameter. The results pre-
sented here show that the z-direc-
tional ordering is larger in the CD
than in the MD for a given paper.

The nine elastic moduli that
describe paper in three dimensions
were predicted analytically using
the proposed ADF and Cox’s
microstructural model of paper (8).
Ideally, the ADF coefficients should
be fitted to experimental curves.

Unfortunately, such experimental
data are not available. Instead, it was
assumed that (a) the fiber angular
distribution in the z-direction fol-
lows the normal Gaussian distribu-
tion—thus allowing the degree of
fiber orientation in the z-direction to
be varied through σ

0
(Eq. 16)—and

(b) the angular distribution in the
x–y plane follows experimental
results in the literature. The five ADF
coefficients were fitted based on
these two assumptions.

The values for Young’s modulus
and Poisson ratio were calculated
from modeling of both machine-
made paper and handsheets. All val-
ues were calculated over a range of
z-directional orientation. It was
found that the ratio of E

11
to E

33

decreases with increasing z-direc-
tional orientation of fibers, dropping
dramatically when the sheet has a
small z-directional orientation.The z-
directional orientation also affects
the shear modulus, but not as sensi-
tively as it affects the tensile modu-
lus. Moreover, it is believed that the
3-D angular distribution can be used
to describe the fiber suspensions in
the headbox of the paper machine.
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VI.Values of E11/E33, E22/E11, G12/G13, and G12/G23 for Cases H–M (machine-made papers)

E11/E22 E11/E33 E22/E33 G12/G13 G12/G23

H 3.09 3.27 1.06 0.93 2.25
I 3.07 5.79 1.88 1.19 2.88
J 3.03 12.90 4.25 1.63 3.94
K 2.95 26.33 8.31 2.06 4.98
L 2.88 39.45 13.68 2.31 5.57
M 2.69 73.07 27.15 2.63 6.33
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APPENDIX A
The highest order of the power of cos θ or sin θ or their products in e

f
2 of Eq. 14 is 4.When these terms are

expanded in a series of spherical harmonic functions, the highest order of Associated Legendre functions
obtained is 4 for l too. These functions are orthogonal to the ADF in Eq. 14. Therefore, any term with l higher
than 4 in ADF does not contribute to the mechanical properties of the paper.

APPENDIX B

(18)

C
11

   C
12

   C
13

    0    0    0  

         C
22  

 C
23

    0    0    0  

                  C
33

    0    0    0

                        C
44

    0    0

                             C
55

     0

                                     C
66

 

with

C
11

= K{(1/5) – [4(5π)1/2/35]Q
20

+ 

[2(π)1/2/35]Q
40

+ 

[4(15π)1/2/35]Q
22

– 

[4(5π)1/2/105]Q
42

+

[2(35π)1/2/105]Q
44

} (19)

C
22

= K{(1/5) – [4(5π)1/2/35]Q
20

+ 

[2(π)1/2/35]Q
40

– [4(15π)1/2/35]Q
22

+[4(5π)1/2/105]Q
42

+ 

[2(35π)1/2/105]Q
44

}
(20)

C
33

= K{(1/5) + [8(5π)1/2/35]Q
20

+ 

[16(π)1/2/105]Q
40

(21)
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C
44

= K{(1/15) + [2(5π)1/2/105]Q
20

–[8(π)1/2/105]Q
40

– 

[2(15π)1/2/105]Q
22

– 

[4(5π)1/2/105]Q
42

(22)

C
55

= K{(1/15) +

[2(5π)1/2/105]Q
20

– 

C
12

= C
66

(25)

C
13

= C
55

(26)

C
23

= C
44

(27)

where K = E
f
(ρ

p
/ρ

f
) and sub-

scripts of C
ij

have been written in
a traditional way rather than Cαßµν.

[8(π)1/2/105]Q
40

+ 

[2(15π)1/2/105]Q
22

+  

[4(5π)1/2/105]Q
42

(23)

C
66

= K{(1/15) – [4(5π)1/2/105]Q
20

+ [2(π)1/2/105]Q
40

– 

[2(35π)1/2/105]Q
44

(24)
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