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PEER REVIEWED

C ENTER-WOUND ROLLS ARE A

convenient, compact stor-
age scheme for web prod-
ucts. However, the stresses

in rolls can cause damage, especially
in tightly wound rolls that are stored
for a long time. The objective in cre-
ating a roll is to select parameters in
the web, hub, and roll that profiles
the stresses for minimum damage to
the medium while avoiding cinch-
ing, spoking, telescoping, or soft-hub
roll buckling.

The stresses in center-wound
rolls are essential to the integrity of
the roll. Consequently, these stresses
have been the subject of theoretical
and experimental studies for at least
the last 30 years (1–8). They were
initially modeled by assuming a cylin-
drically symmetric geometry for the
center-wound roll that is mechani-
cally loaded on the outermost wrap.
This layer is considered a hoop
stress, at the web tension, on the
outer wrap as the roll is constructed
layer by layer. Early work by Altmann
(1) provided a general solution for
an anisotropic linear elastic roll ma-
terial while using a nonlinear consti-
tutive relation to find the radial and
hoop stresses for successive wraps.
The nonlinear constitutive laws at-
tempt to account for interlayer con-
tacts, material discontinuities, and
anisotropic intralayer wraps in the
roll.

Altmann (1) solved a second-
order differential equation for the
anisotropic linear elastic material in
a center-wound roll. He introduced
to his solution an outer wrap 
described by a parabolic radial

stress–strain relation, i.e., the modu-
lus was proportional to the stress.
Boutaghou and Chase (2) noted that
Maxwell’s equations (from elastic en-
ergy function arguments) reduce the
number of independent terms in Alt-
mann’s elastic constants. They also
found some general properties of
center-wound rolls with anisotropic
linear elastic media. Yagoda (3) es-
tablished the core compliance as an
inner boundary condition on center-
wound rolls. The constitutive rela-
tions for stacked sheets were exam-
ined by Pfeiffer (4) and Olive (9),
who suggested empirical forms for
stress vs. strain. A general nonlinear
power-series constitutive law was al-
ternatively used by Hakiel (5). The
first term of Hakiel’s series is related
to one of Pfeiffer’s (4) material con-
stants. Hakiel incorporated nonlinear
material properties into his expres-
sions of the basic mechanics and nu-
merical solutions of wound-roll
stresses.

Good et al. (6) compared results
from Hakiel’s model with interlayer
pressure measurements obtained
using pull tabs. They noted that the
model typically predicted stresses
that were twice as large as their mea-
sured values. However, they were
able to bring predicted and mea-
sured values into better agreement
by modifying the outer hoop-stress
boundary condition to relax relative
to the outer-layer tensile stresses by
their model of “wound on tension”
loss. Benson (8) later showed that a
large-strain, nonlinear constitutive
law that accounted for hoop-stress
relaxation gave agreement between

the predicted interlayer pressures
and measurements without addi-
tional assumptions about wound-on-
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tension losses. The roll’s hoop
stresses in these models might be
thought to be equated to the web
stress, provided there is little or no
friction between layers.Air entrained
in the roll would also aid in equaliz-
ing these stresses (10). On the other
hand, the “belt wrap” equation from
elementary mechanics predicts that
interlayer friction would quickly
lower web stresses and the intralayer
stress in the outermost wrap of the
roll.

After reviewing the literature, it is
clear that the second-order differen-
tial equation for the stresses in the
center-wound roll is assumed ini-
tially to satisfy two boundary condi-
tions:

1. Continuity of radial stresses and
displacements between the hub
and the roll. (Thus the hub com-
pliance is incorporated into the
roll stress.)

2. Zero radial stress on the outer
wrap of the roll.

Finally, the hoop stress on the
outer wrap is often equated to the
web stress during the lap-by-lap con-
struction of the roll. Clearly, this lat-
ter condition would overspecify the
number of arbitrary constants in the
differential equation’s solution. It

oped here and previous stress mod-
els are only two limits of a more
complex problem.

This paper takes a new approach
by modeling the center-wound roll
in terms of the residual wound-on
strains that are initially in the web.
The proposed model posits that
these strains are spooled onto the
roll and create all the stresses within
the roll.Thus the roll’s stresses come
from the web’s state of strain, which
can be profiled as residual strains in
the roll. The analysis of the roll’s
stresses is consistent with the equa-
tions of solid mechanics for linear
and nonlinear elastic materials. Al-
though the stresses found here are
very different from those cited in the
literature (1–9), there are some close
similarities with conventional cen-
ter-wound-roll expressions.

MODEL OF A 
CENTER-WOUND ROLL

FFiigguurree  11 is a schematic geometry of
the tension T acting on the web and
roll. A torque M is applied to the hub
to wind the roll. Moment equilib-
rium gives M = RT. It follows that the
work done by T from a displacement
ds of the moving web is exactly bal-
anced by the work done by angular
rotation, dφ, of M on the hub, since
Rdφ = ds. Thus the net increase in
the strain energy of the wound roll,
which is the difference between
these work terms, is effectively zero.
The model is that the strain energy
deposited into the roll derives from
the residual strain energy in the web.
The stresses from the mechanical ac-
tion of the force T on the roll are typ-
ically very small, and such stresses
would be removed when T is set to
zero after winding.

ANALYSIS OF RESIDUAL ROLL
STRESSES CREATED BY 

RELAXATION OF WEB STRAINS
The strains in a web are spooled
onto a center-wound roll lap by lap.
These residual strains are only part

calls into question whether the hub
compliance is indeed constant in nu-
merical solutions of center-wound-
roll stresses. The numerical solutions
are constructed in a lap-by-lap analy-
sis while building up stresses in the
roll from the hub outward.

In this paper, the assumption that
the hoop stress in the outer wrap is
equal to the web tension stress is re-
moved. Instead, residual strains in
the web are wound onto the roll,
where they are relaxed and equili-
brated. The elastic stress solutions
found here use the residual strains
placed in the roll by the web, assum-
ing the wraps do not slip. The resid-
ual strains from the web thus create
the roll’s stresses. The radial and
hoop directions are principal stress
directions, so there are no shear
stresses between the web and the
first layers in the roll. The hoop
stresses on the outside of the roll, as
developed here, are completely un-
specified except for residual strains.
In the stress analyses of center-
wound rolls, the hoop and radial
stresses have always been consid-
ered principal stresses (1–8), and in-
terlayer friction has not been speci-
fied. In reality, friction and adherence
between the wraps of the roll and
the stresses created are probably im-
portant.Thus, the strain model devel-
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1. Schematic representation of a center-wound roll with the geometry described in the
text.The force T acting on the roll creates the web stress σσw, and the hub torque M
winds the roll.
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of the total strains within the roll.
However, when they relax, they cre-
ate stresses in the roll that can be
very large.These residual stresses are
the subject of this paper.

The cylindrical symmetry of the
roll implies that the radial displace-
ment u is the only displacement
component and is only a function of
the radius r, i.e., u = u(r). The total
strains in the roll are split into two
components: One is assumed to be
elastic and comes from the stresses,
while the other is from the residual
strains that are directly transferred to
the roll from the web. The elastic
strains are designated as ε

ij
, and the

residual strains are ε
ij
* for the radial

(Eq. 1) and hoop (Eq. 2) directions.

∂u
∂r

= ε
rr

+ ε*
rr

(1)

u
r = εθθ + ε*

θθ (2)

The terms on the left side of Eqs.
1 and 2 represent the total strain.The
first term on the right is the elastic
strain. The second term on the right
is the residual strain,which is the dif-
ference between the relaxed state
(no strain) less the state of strain in
the web before it is spun onto the
roll. Substituting Eq. 2 into Eq. 1 pro-
vides compatibility for the strains ε

ij

in the two principal stress direc-
tions.

r
∂εθθ

∂r
+ εθθ – ε

rr
= ε*

rr
– 

∂(r ε*
θθ)

∂r
(3)

Initially, the strains will be as-
sumed to be linear in stress. Nonlin-
ear elastic stress solutions are ad-
dressed later. The linear elastic
strains in the roll are related to the
stresses by Hooke’s law:

ε
rr

= s
11

σ
rr

+ s
12

σθθ + s
13

σ
zz

(4)

εθθ = s
12

σ
rr

+ s
22

σθθ + s
23

σ
zz

(5)

ε
zz

= s
13

σ
rr

+ s
23

σθθ + s
33

σ
zz

(6)

The web stress σ
w
(r) creates the

roll’s residual strains. However, the
web’s elastic constants are not nec-
essarily the same as those in the roll.
Consequently, the proposed model
uses the web’s E

22
and ν instead of

the roll’s elastic compliances, s
22

and
s

12
.
The effective characteristic resid-

ual stress in the roll,σ*(r), is from the
web’s strains and, in a restricted
limit, is the web tension. In general,
σ*(r) depends on roll radius through
the web tension as the outer layer is
placed onto the roll. Thus this stress
depends on the roll radius ratio and
on how the roll is profiled. Finally,
s

22
, s

33
, and s

23
in Eq. 10 are elastic

compliances relating the strains in
the web to the residual stress, σ*(r),
in the roll.

The solution to Eq. 8 is the stress
σ

rr
in the wound roll.The solution is

given in Eq. 12.

σ
rr
= ( A

r 1+β + B
r 1–β)

+ 1
2βr [r –β∫r

R
tβσ*(t)dt–r β∫r

R
t –βσ*(t)dt]

(12)

The homogeneous solution con-
tained in Eq. 12 incorporates two ar-
bitrary constants, A and B. The par-
ticular solution to the differential
equation is found using Lagrange’s
method of variation of parameters
(11). The lower limit in the integra-
tion was used for r, since this choice
facilitates direct comparison with
Altmann’s and subsequent work on
stresses in center-wound rolls (1–9).

The first boundary condition is
that the outside of the roll is stress
free, or σ

rr
= 0 when r = R. Thus Eq.

12 can be recast as Eq. 13.

σ
rr
= 1

r {[B (r β – R
2β

rβ )]
+ 1

2β[r –β∫r

R
tβσ*(t)dt– r β∫r

R
t –βσ*(t)dt]}

(13)

where σ
ij

represents the stresses.The
s

ij
variables are the elastic compli-

ances and, in an anisotropic elastic
solid, they are symmetric from
Maxwell’s relations, so s

ij
= s

ji
. It has

been assumed that the deformation
is completely radial, so the stresses
and strains are principal compo-
nents, with all shear stresses in these
coordinates zero. The stress compo-
nents for plane strain assume ε

zz
= 0,

while plane stress has σ
zz

= 0.The so-
lution here is for plane strain, so in
what follows, set s

23
= s

13
= 0 in Eqs.

4–6 for plane stress. Finally, force
equilibrium is maintained between
the radial- and hoop-stress compo-
nents. It follows that

σθθ = (1 + D) σ
rr

(7)

The operator D ≡ [r (d/dr)] sim-
plifies the following expressions and
permits r for the remainder of this
discussion to be dimensionless. Thus
r is a radius ratio, i.e., the radius di-
vided by the hub radius a.

Substituting Eqs.6 and 7 into Eqs.
4 and 5 and collecting terms in Eq. 3
gives a differential equation for the
stress, σ

rr
.

[D2 + 2D + (1 – β2)] σ
rr

= σ*(r) (8)

where

β2 =
s

11
s

33
– s2

13

s
22

s
33

– s2
23

(9)

and

σ*(r) =
s

33{ 1
E

22

d
dr [r σ

w
(r)]+ ν

E
22

σ
w
(r)}

s
22

s
33

– s2
23

(10)

Note that for most wound flexi-
ble media, β2 > 1.To find the residual
stress in the roll σ*(r), use the right
side of Eq. 3 with Eqs. 11a or 11b:

ε*
θθ(r) = – 1

E
22

σ
w
(r) (11a)

ε*
rr
(r) = ν

E
22

σ
w
(r) (11b)
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The hoop stress follows from Eq.
7 and is given by Eq. 14.

σθθ=
1
r {[βB (r β + R

2β

rβ )]
– 1

2 [r –β∫r

R
tβσ*(t)dt+ r β∫r

R
t –βσ*(t)dt]}

(14)

The second boundary condition
relates the effective hub compliance,
i.e., the hub displacement divided by
the radial stress, to the wound roll’s
values at the interface where r = 1.
Quantitatively, the radial stresses and
the displacement of the hub equal
those in the roll. This expression is
evaluated using Eqs. 2, 5, 13, and 14.
This second boundary condition
uniquely determines the arbitrary
constant B.

u
rσ

rr |hub

≡ 1
E

c

= u(r =1)
σ

rr
(r =1)|roll

(15)

which for plane-strain conditions
gives Eq. 16: (see below)

The roll stresses are therefore
known in closed form for the general
case of any web stress profile. Note

12, 13). Here, s
12

is unspecified, since
it does not appear in Eqs. 8–10. Note
that the stresses in the roll are from
the differences in the principal resid-
ual strains in the roll. Thus, both
strains in the web add directly to the
residual strains and thus to the
stresses in the roll. For the latter two
profiled rolls, and for ease of com-
parison at the very start of winding,
σ

0
≡ σ

w
(r =R=1). The characteristic

residual stress σ*(r) profiles are
shown in Fig. 2b.The roll stress σ

rr
(r)

was evaluated from the general ex-
pressions in Eqs. 13–16. The winding
conditions in the following Exam-
ples 1–3 assume linear elastic
stresses with profiled σ*(r) func-
tions.

Example 1: Constant web ten-
sion

The first linear elastic example is for
constant web tension, i.e., σ

w
= con-

stant.

σ*(r)
σ

0

= C

C = s
33( 1

E
22

+
ν

E
22

s
33

s
22

– s2
23
) (17)

that B as given here depends on R.
This implies that the solutions in the
literature (1–8) should include ad-
justments to the inner boundary con-
dition as laps are wound onto the roll.

LINEAR ELASTIC STRESSES IN 
CENTER-WOUND ROLLS

Several examples of linear elastic
center-wound rolls are presented
based on data from the literature,
which are provided in TTaabbllee  II. FFiigguurree
22 shows the stresses for three com-
mon winding conditions: constant
web tension, constant torque on the
hub, and a web tension that is lin-
early profiled from the hub to the
outside of the roll (with a one-third
reduction in web tension). Compari-
son of Figs. 2a and 2b shows that in
each case, the values of σ*(r) from
Eq. 10 are not identical to the web
stress σ

w
(r). Note that σ*(r) includes

a Poisson effect in the web from
through-the-thickness strains in the
web. Such strains are easily envi-
sioned. However, the Poisson effect
in the roll is quite different. In the
roll, this effect is generally thought to
be small and is often set to zero (1–8,

Data set No. 2 No. 3 No. 4 No. 5 No. 6
Literature citation (5) (5) (6) (6) (16, 17)
Figure Fig. 2 Fig. 3 Fig. 4 Fig. 4 Fig. 5

Material Polyester (PET) Resin-coated paper Newsprint Newsprint Polyester (PET)
Thickness, µm 76 230 89 71 15.7
Poisson’s ratio of the web (ν) 0.28 0.01 0.01 0.01 0.28
Web stress (σw), MPa 2.30 3.83 5.17 5.17 5.09
Radial compliance (s11), 1/MPa 1/690 1/34.2 nonlinear only 1/14 1/145
Nonlinear radial coefficient (α) linear linear 65.2 50.6 695
Hoop compliance (s22), 1/GPa 1/4.14 1/4.14 1/4.13 1/3.37 1/3.79
Hub core stiffness (Ec), GPa 6.14 6.14 12.4 33.1 30.4
Outer roll radius ratio (R) 4 2, 3, 4, and 5 2 3 3.11

Note:
z-axis plane-strain compliance (s33) = hoop compliance (s22) = 1/Young’s modulus of the web
Poisson compliance (s23) = –ν s22

I. Physical properties of roll and web media

B =

–{ –2βσ
w
(r =1)E

c
s

22
+ { [Ec

(s
12

– βs
22

) –1] ∫1

R
tβσ*(t)dt} + { [1–E

c
(s

12
+βs

22
)] ∫1

R
t –βσ*(t)dt} }

(16)
2β[(R2β–1)(1–s

12
E

c
)+βE

c
s

22
(1+R2β)]
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where if all Poisson effects ⇒ 0, then
C ⇒ 1

Example 2: Constant torque on
the roll’s hub

The second linear elastic example is
for constant torque M on the roll’s
hub, with rσ

w
(r) ∝ rT, which is con-

stant and proportional to M.

σ*(r)
σ

0

= ν
rE

22
s

22

(18)

Example 3: Linear taper in web
tension

The third linear elastic example is
for a linear taper in web tension,
with a 33% reduction in tension from
the hub to the outside of the roll:

σ
w
(r) = 

σ
0
(3R – 2 – r)

3(R – 1)

so

right in Eq. 10 is zero. Finally, the
compressive stresses near the hub
are flatter than similar stresses seen
in the literature in center-wound
rolls.

Example 4: Radial and hoop
stresses with changing roll radius

The fourth linear elastic example
shows –σ

rr
/σ

0
and σθθ/σ0

while let-
ting R change with the winding ten-
sion. The stresses are shown in FFiigg..
33. The roll properties and winding
conditions are given in Table I (Data
Set 3). The plots are for R equal to 2,
3, 4, and 5. The value of β ≈ 11, so a
broad plateau develops in the roll, es-
pecially at large R.

NONLINEAR ELASTIC STRESSES IN
CENTER-WOUND ROLLS

In the literature, even in the earliest
papers, it was assumed that the radial
modulus should reflect the asperities
and interfacial contacts between the

σ*(r)
σ

0

= C[(1 + ν) (2 – 3R + r) + r]3(R – 1)
(19)

Figure 2c shows the roll’s radial
stress plotted as a compressive
stress, i.e., –σ

rr
/σ

0
, for the three pro-

files. Figure 2d shows the hoop
stress, σθθ /σ

0
. Note that in all cases,

σ
rr

and σθθ are both linear elastic
stresses, so they scale with the am-
plitude of σ

w
. The solutions seen in

Fig. 2 differ from linear elastic solu-
tions in the literature as follows: The
effective stress, σ*(r), is not necessar-
ily equal to the web stress, σ

w
, even

for constant web stress. In this case,
σ*/σ

0
is greater than 1 because this is

a plane-strain solution and, in addi-
tion, there is a Poisson effect in the
web that contributes to σ*.The σ* for
the constant-torque roll is much less
than for the profiled roll because rσ

w

is constant, so the first term on the
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2. Stresses—a: web stress, b: effective web stress, c: radial compressive stress, and d: hoop stress—vs. roll radius in profiled linear
elastic center-wound rolls (experimental details in Table I)
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layers of the roll. Thus, the radial
modulus for center-wound-roll media
is widely represented by a noncon-
stant, nonlinear expression. The con-
stitutive law is typically obtained by
curve-fitting the load per unit area
vs. strain for a stack of sheets (4,
12–14). The derivative of this stress
with respect to the strain is the radial
modulus as a function of the strain.
The stress and modulus vs. strain are
parametric equations solved for mod-
ulus vs. stress. Frequently, the modu-
lus is reported to be proportional to
the compressive stress, as assumed in
the following analysis.

The more complex problem of a
constitutive law for a biaxially or tri-
axially stressed stack during loading
(and unloading) is typically not ad-
dressed. If it is assumed in Eqs. 8–10
that all Poisson ratios in the roll are
zero and that the modulus is propor-
tional to the pressure (i.e., the nega-
tive stress), then

E
r

= –α σ
rr

= 1
s

11

so

(D2 + 2D + 1)σ
rr

= σ*
n–R(r) (20)

where the nonlinear characteristic
stress σ*

n–R(r) is

σ*
n–R(r)= 1

αs
22

+{ d
dr [r σ

w
(r)] + ν

E
22

s
22

σ
w
(r)}

previously.The stresses developed in
the roll are quite large because the
effective web stress σ*

n–R is large. The
value of 1/(α s

22
) is 12.1 and 15.6

times the web stress for R = 2 and 3
rolls, respectively. The very large
value of σ*

n–R elevates all the stresses
in the roll, with the stresses being
high compared with pull tabs (6).

ESTIMATES OF PLATEAU STRESSES
IN THE ROLL

The previously derived stresses are
predictions using elastic solutions
that satisfy well-defined boundary
conditions. However, the experimen-
tally measured stresses in center-
wound rolls typically show a broad
plateau of nearly constant stress over
most of the roll (5–8). If it is as-
sumed that the radial stress is con-
stant throughout the roll, then Eq. 7
dictates that the hoop stress equals
the radial stress. The web’s elastic
strain energy density for this case is
then equal to the roll’s linear elastic
strain energy density. Equating these
energies and solving for the radial
stress in the roll gives Eq. 24.

|σrr, avg| ≈
σ

w

√2(1 + s
11

E
22

)
(24)

The stresses seen in the pro-
posed model and in other models of
center-wound rolls are generally
larger at the hub and smaller on the

This nonlinear modulus must be
used in compression. Such a modu-
lus, of course, would be unstable
were the stresses to change sign.

The solution to Eq. 20—after
eliminating one arbitrary constant
(by satisfying the boundary condi-
tion σ

rr
= 0 at r = R)—is shown in Eq.

21.

σ
rr

= 
B

1

r
Rn(r

R)
+1
r [∫r

R
Rn(t)σ*

n–R(t)dt– Rn(r) ∫r

R
σ*

n–R(t)dt](21)

The hoop stress follows from
Eqs. 7 and 21, as seen in Eq. 22.

σθθ = 
B

1

r
– 

1

r [∫r

R
σ*

n–R(t) dt] (22)

B
1

is found using Eq. 15, which
was evaluated with the aid of Eqs. 2,
5,21,and 22. The expression for B

1
is

given in Eq. 23.

B
1
=
∫
1

R

Rn(t)σ*
n–R(t)dt+E

c
s

22[σw
(r=1)+∫

1

R

σ*
n–R(t)dt]

Rn(R) + E
c
s

22
(23)

Thus the stresses σ
rr

and σθθ are
uniquely obtained for any winding
profile. The stresses σ

rr
and σθθ are

shown in FFiigg..  44 for the nonlinear
web parameters listed in Table I
(Data Sets 4 and 5).The winding pro-
file is constant web tension, as noted
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outer laps. Equations 12–14 show
that these two boundary conditions
are represented by r β–1 and 1/r β+1, re-
spectively. The large hub strain en-
ergy very roughly cancels with the
smaller strain energy on the outside
of the roll in the approximation of
Eq. 24. Typically, β2 >> 1, so the right
side of Eq. 24 is approximately
σ

w
/√
_
2β. Thus the stress in the roll is

significantly reduced compared with
the web stress in this rough but very
simple approximation. Pfeiffer (4)
reported a similar expression aside
from √

_
2.

Nonlinear elasticity in the roll
can be incorporated into Eq. 24 by
finding the area under the stress-vs.-
strain or load-vs.-displacement curve
for the media, i.e., the strain energy
density in the layered roll media.This
strain energy density would be
found as a function of stress and
equated to the web’s strain energy
density. The approximation is that
the strain energy density in the roll is
a constant.

Finally, the stresses in the analytic
equations with constant web stress
always reduce to a very simple form
in numerical expressions for the
stresses. It has only three terms: a
constant, a term proportional to
1/r β +1, and a third term proportional
to r β–1. The interpretation here is
quite simple, with the two r terms

Eq. 25a. In Fig. 3, where β ≈ 11, the
plateau stress is in agreement with
Eq. 25b. Furthermore, a constant ra-
dial plateau stress implies that the
hoop stress is equal to the radial
stress, as discussed previously and
also seen in Fig. 3. Thus, a plateau
stress implies that the hoop stress is
in compression and is constant.

Good et al. (6) presented a figure
(Fig. 6 in their work) that predicts
that plateau stresses from Hakiel’s
model (5) are proportional to σ

w
.

Equation 25 shows that –σ
rr

is di-
rectly proportional to σ*(r) with a
slope of 1/(β2–1). Furthermore, –σ

rr

is approximately proportional to
1/s

11
, i.e., to E

r
, when β2 > 1, which is

typical for center-wound media.
Thus, –σ

rr
is proportional to E

r
,

which itself may depend on σ
rr
.

Equation 25 was suggested in the
work of Good et al. (6) from numer-
ical solutions of Hakiel’s nonlinear
stress models (5) with a wide selec-
tion of E

r
and σ

w
values for a specific

material. The slope from Eq. 25 vs.
1/s

11
, i.e., E

r
, is σ*/E

22
, which is

smaller than suggested by the work
of Good et al. (6). Thus, Eq. 25 is in
agreement with the form of the non-
linear model but not with the indi-
vidual calculated values from the
work of Good et al. (6). The more
important comparison is to mea-
sured plateau stresses from pull-tab

representing the solutions of the
inner and outer boundary condi-
tions, respectively, as noted previ-
ously. If β is very large, then these
two terms nearly become step func-
tions. The constant term is the radial
plateau stress.This is seen in the mid-
section of the wound rolls in Fig. 3,
which depicts compressive and
hoop stresses under constant web
tension.

Equating the constant stress term
in Eq. 13, i.e., a stress that is indepen-
dent of r, to a plateau stress repre-
sents the midstress shown in Fig. 3.
Plateau stresses are widely measured
in center-wound rolls (1, 5, 6). The
lower limit of the two integrals on
the right in Eq.13 are independent of
the roll radius ratio for constant web
stress. The following algebraic ex-
pression is obtained after evaluating
these integrals. The roll’s plateau
stress is given by Eq. 25a.

σ
rr, plateau

= σ*(r)
1 – β2

(25a)

so

σ
rr, plateau

≈ –
σ*(r)
s

11
E

22

(25b)

The plateau stress can also be ob-
tained directly from the differential
Eq. 8 by assuming the stress to be
constant, thus converting all deriva-
tives to zero and reducing Eq. 8 to
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rivatives to obtain the strains. Addi-
tional terms contributing to the
stress σ*(r) come from the shape of
the roll's profile. If the roll is profiled
with a constant-torque winding, then
most of the radial derivatives of the
residual strains are removed. The roll
stresses presented here show that
constant-torque rolls have a unique
characteristic: In linear elastic
media, the web stress does not di-
rectly contribute to the roll’s
stresses, and the Poisson effect in the
web (not in the roll) is the only con-
tributor to the roll’s stress. In gen-
eral, the residual strains in the roll
are from the differences in the prin-
cipal web strains, so Poisson’s effect
in the web adds to the roll’s stresses.
It also follows that the roll’s stresses
scale with the maximum residual
shear strains in the web. Shear
stresses are the major contributor to
plastic deformation and damage,
such as viscoelastic behavior in the
roll. Thus these effects are directly
related to the differences in the
web’s principal strains. Interlayer ad-
hesion responds to the stresses σ

rr
,

which for linear elastic materials also
scales with the difference in web
strains.

The simplest nonlinear radial
modulus has a term that is propor-
tional to the radial stress. This stress-
dependent modulus gives rise to an
equivalent web strain, as seen in the
first term on the right side of Eq. 20.
This “nonlinear web stress”term is the
inverse of the proportional constant
from the radial modulus multiplied by
the hoop modulus. Thus the inverse
proportional constant can be consid-
ered as a strain. Typically, this strain is
very large, and the resultant stress
dominates the web stress. The stress
from the nonlinear term is added to
the web stress, so the radial stress in
the roll is not directly proportional to
the web stress. The stress solution in
Eq. 21 has assumed a radial modulus
exactly proportional to the stress.
This means that log(stress) is propor-
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data (15, 16).This comparison is pre-
sented in FFiigg..  55 and is discussed in
the following section.

DISCUSSION AND CONCLUSIONS
Elastic stress solutions in center-
wound rolls have been presented
using the concept of relaxing the
residual strains placed in the roll.The
basic model is that the wraps laid on
the roll do not slip and that the resid-
ual strains from the web create the
roll’s stresses. The homogeneous so-
lution for these stresses is already
known, while the particular solu-
tions found here are based on math-
ematical solutions to differential
equations. The particular solutions
are weighted averages of the residual
stresses when they are spooled onto
the roll from the web. Part of this so-
lution agrees with the physically in-
tuitive stress model of the outer
wraps placed on the roll. The partic-
ular solution, however, is an average
of weighted stress terms that are not
totally intuitive but are needed for
the complete mathematical solution
of the second-order differential equa-
tion. These solutions contribute to
the inner boundary condition.

A final comparison is now made
between recent data (16) and the
proposed strain-based model. The re-
cent data (16) were corrected for
stress concentrations associated with
the sandwiched pull tabs (15). The
linear model in Fig. 5 was applied
using a nonlinear modification that
was found with the following proce-
dure:

1. Plateau stress is obtained from
Eq. 25a using the complete elastic
properties, including all the non-
linear parts of radial elastic modu-
lus, 1/s

11
.

2. The radial elastic modulus, 1/s
11

,
is then determined at the ob-
tained value for plateau stress.

3. Roll stress vs. roll-radius ratio is
then determined at the obtained
value for plateau stress using Eqs.

13, 14, and 16 and the elastic con-
stants found in Step 2.

The nonlinear elastic constitutive
law is explicitly included in the
stress solution given above. The data
are from compression loading of
stacked layers of media. The consti-
tutive law from load-vs.-displace-
ment curves typically emphasizes
the high part of the curve rather
than low stresses. This can lead to
very large differences in the consti-
tutive law. Our experience has led to
differences as large as 300% in the
major terms in the nonlinear consti-
tutive law. However, unloading may
better represent the elastic compli-
ances necessary to describe stresses
in the roll. Comparison between the
model and the data in Fig. 5 shows
that the value of β used in the model
does not bring the analytic stresses
up as sharply on the outside of the
roll as the experimental data suggest.
Moreover, the stresses measured near
the hub are smaller than predicted
by the analytic curve, again indicat-
ing that the value of β used in the an-
alytic expression is too small. The
plateau stress depicted by the model
is in modest agreement with the ex-
perimental data.

The stress solutions presented
have been constructed to be similar
to the elastic solutions in the litera-
ture. However, the solutions would
be simpler if the integrals in the par-
ticular solution were chosen to go
from 1 ⇒ r rather than from r ⇒ R.
This change would significantly sim-
plify the inner boundary condition
while only slightly complicating the
outer one. As long as numerical solu-
tions are obtained, then either
method works. Simple analytic solu-
tions using the hub core as the lower
limit in the particular solutions
might provide some additional phys-
ical insights.

The expressions for σ*(r) found
here rely on compatibility relations
between displacements and their de-
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tional to the strain for stacked sheets
of media. However, original nonlinear
stress–strain data do not always sup-
port this suggestion.Thus,valid values
of α are particularly difficult to ob-
tain, and existing constitutive rela-
tions for stacked media are often in-
adequate (17).

The constants that describe the
roll media used throughout this
paper have all been from loading
curves. The analysis throughout is
based on the conversion of strains
into stress in the roll while unload-
ing. Unloading or relaxation of the
strains in the web are assumed to be
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equivalent to loading stresses in all
elastic solutions, even when nonlin-
ear. However, experimental results
show very large differences between
loading and unloading stress-vs.-
strain curves in stacked sheets. The
web strains are from loading, and the
roll stresses are from unloading. In
elastic materials, these are easily con-
nected, but in layered media, hystere-
sis gives differences between loading
and unloading curves. In the context
of the proposed model, the elastic
compliances from unloading are
more appropriate when finding the
stresses in center-wound rolls.TJ
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a = hub radius
A = arbitrary constant
B = arbitrary constant
C = ratio of elastic properties
D = r(d/dr)
E

c
= hub core stiffness, GPa

E
r

= radial modulus
M = hub torque
r = roll radius ratio, dimension-
less

R = outer roll radius ratio
s

ij
= elastic compliances

s
11

= radial elastic compliance
s

22
= hoop elastic compliance

s
23

= Poisson’s elastic compliance
= –νs

22

s
33

= z-axis elastic compliance
= s

22

t = integration variable
T = tension
u = radial displacement

α = nonlinear radial coefficient
β = see Eq. 9
ε

ij
= elastic strains

ε*
ij

= residual strains
ν = Poisson’s ratio of web
σ

ij
= stresses

σ
w

= web stress
σ

rr
= radial stress

σθθ = hoop stress
σ* = effective residual web stress

NOMENCLATURE


