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ABSTRACT: The hyperbolic theory of light scattering, tensile strength, and density in paper describes a sheet of
paper as a matrix of cellulose with a characteristic material strength and open and closed pores dispersed through
the cellulose, forming solid foam. This paper presents two principle hyperbolic equations. The first describes the
conservation of tensile strength and the second describes the conservation of mass as functions of light scattering.
Three additional equations are derived. The first relates tensile strength to sheet density, the second relates light
scattering to total pore volume, and the third relates tensile strength to total pore volume. The conservation of tensile strength equation varies with processing for a given cellulose pulp. Variable refining levels at constant levels of
wet-pressing produce separate curves for each wet-pressing level. Correspondingly, variable wet-pressing levels
produce separate curves for each level of constant refining. Hydrolyzing pulps or cutting fibers to shorten the average degree of cellulose polymerization shifts the curves to lower tensile strengths. The conservation of mass equation results in a single curve, regardless of processing or reduction in the degree of cellulose polymerization. The
concept of relative bonded area measurement using light scattering as developed by Ingmanson and Thode is
shown to be invalid for paper by this hyperbolic theory. The validity of relative bonded area by any technique is also
questioned.

Application: Hyperbolic theory represents a simplified concept of paper structure, opening the door for innovative research and developmental investigations.

L

ight scattering, tensile strength, and density are shown
to be functionally related by rectangular hyperbolas
whose asymptotes are parallel to their axes. Rectangular
hyperbolas are important in science because they are the
product of two variables that equal a constant of physical
significance [1]. In rectangular hyperbolas, one variable
describes the quality of the physical system (intensive)
while the other is proportional to the system’s size (extensive) [2]. An example is the ideal gas law where a constant
energy isotherm is the product of gas pressure and volume.
Another example is the product of density and volume
equaling the mass of an incompressible material.
In both hyperbolic equations presented in this paper, light
scattering is the extensive variable because increasing the
area of the sheet will increase the total amount of scattered
light. The constant of the tensile/light-scattering (TS) hyperbola will be shown to be dimensionally consistent with energy, while the constant of the density/light-scattering (DS)
hyperbola will be shown to be dimensionally consistent with
mass. These hyperbolas are remarkable because they are origin shifted into the third Cartesian quadrant; thus, additional constants are included in these equations to account for
the displacement of the origin.
By combining the TS hyperbola with the DS hyperbola
(eliminating the light scattering variable) a tensile/density
(TD) hyperbola is produced. The DS hyperbola can be
combined with a density/pore-volume (DV) hyperbola to
produce a pore-volume/light-scattering (VS) hyperbola.
Finally, the TS hyperbola can be combined with the VS

hyperbola to produce a tensile/pore-volume (TV) hyperbola.
This family of hyperbolas describes the tensile failure of
paper as a simple function of pore volume and the tensile
strength of cellulose at its maximum density. The customary
fiber properties (measured after pulping) of length,
coarseness, fiber strength, and fiber-to-fiber bonding
strength are not necessary along with fiber conditions such
as the degree of crimping, kinking, and curling [3]. Paper
is treated not as a structure composed of hydrogen-bonded
fibers but as a cellulosic material with air pores randomly
dispersed throughout [4]. By this definition, paper is an
example of the general category of colloidal materials
known as solid foams [5].
Relative bonded area (RBA) will be shown to be a parameter of TS hyperbolas and not an estimate of partial bonding
between fibers [6]. This paper will also demonstrate that
shear lag models such as the Kallmes-Bernier-Perez [7–10],
the Shallhorn-Karnis [11], and the Page [12] equations can be
simplified to TS hyperbolas, thus eliminating unnecessary
fiber property variables in these theories.
Shear lag models ignore the effects of processing on pulp
fibers. In contrast, TS hyperbolas incorporate both pulp refining and wet pressing as sheet densification pathways using
the calculated hyperbolic constants. Hence, a TS hyperbola
describes the change of state that a sheet undergoes as a particular process produces a denser and stronger sheet. Refining TS hyperbolas may or may not be collinear with wetpressing hyperbolas; DS hyperbolas for a given pulp are all
collinear regardless of either refining or wet pressing.
NOVEMBER 2011 | VOL. 10 NO. 11 | TAPPI JOURNAL

9

PAPER STRUCTURE
HYPERBOLIC CONSTANT ESTIMATION
All hyperbolic constants were estimated using Microsoft
Excel spreadsheets. Excel Solver was used to determine constant estimates for each hyperbola that would produce minimum mean square residuals. The manipulate function in
Mathematica (Wolfram Research; Champaign, IL, USA) was
used to visually determine initial constant estimates.
TS HYPERBOLAS

Basic theory
Tensile strength is related inversely to light-scattering
measurements [6] but the hyperbola describing this
relationship is origin shifted into the third quadrant, as
illustrated in Figs. 1 and 2. This requires that displacement
constants be inserted into the hyperbolic equation to offset
both variables [13]; hence, Eq. (1):

specific light scattering coefficient. The constants are defined
as T<disp>, the shift of the origin on the T-axis; s<disp>, the
origin shift on the s-axis; and γ, a dimensionless constant. The
three-part overall constant of Eq. (1) is significant because it
allows for the separation of dimensionally consistent variables
with their respective constants.
Solving equation Eq. (1) as a function of T requires the
definition of a hyperbolic parameter, Φ <disp>, which
combines the specific light scattering coefficient, s, with its
constant, s<disp>, into a normalized difference, as in Eq.
(2):

	 		￼					

(2)

Inserting Eq. (2) into Eq. (1) results in the following, Eq. (3):

￼ 					

(1)

The variables are defined as T, tensile strength and s, the

￼ 						

(3)

Note that Φ<disp> is linearly related to s and when s = 0,
Φ<disp> =1, but when T = 0, Φ<disp> = γ.
The intercepts of Eq. (1), T<int> and s <int>, are related to
the displacement values as
￼
and Eq. (4)
	￼					

(4)

A useful re-expression of Eq. (1), produced by substituting
s<int> for s<disp> and incorporating the dimensionless constant, α, defined by

￼
1. Origin-shifted, rectangular tensile/light-scattering hyperbola.

is Eq. (5),

￼ 	 	   				

(5)

making
	 ￼

and Eq. (6)

	 	￼				
2. Tensile/light-scattering hyperbola for Ingmanson/Thode data.
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(6)

In similar fashion to Eq. (2), a hyperbolic parameter, Φ<int>,
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can be defined for Eq. (5), as in Eq. (7):

	 ￼				

(7)

Note that Φ<int> is also linearly related to s and when s = 0,
Φ<int> = 1. But, when T = 0, Φ<int> = 0. Solving Eq. (5) for
T/T<disp> yields Eq. (8):

		￼  			

(8)

Equation (8) can be rewritten in a linear form, (1/T versus 1/
Φ<int>), as in Eq. (9):

￼  			

(9)

s<int>

32.9 m2/kg

s<disp>

41.9 m2/kg

T<int>

153 kN/m

T<disp>

195 kN/m

α

0.273

γ

0.214

I. Tensile/light-scattering hyperbolic constants for
Ingmanson/Thode data.

0–150 psi (0–1 MPa) [17]. Table I presents the hyperbolic
constants calculated from these data.
The definition of RBA given by Ingmanson and Thode
yields the following normalized difference:
	￼

Φ<disp> is linearly related to Φ<int> in the following manner
from Eqs. (2) and (4), and:
￼

Consequently:
	 ￼

Relative bonded area
The most direct application for TS hyperbolas is the
measurement of relative bonded area (RBA) in paper via the
Ingmanson/Thode procedure [6]. Relative bonded area is
hypothesized to be the ratio of bonded fiber surface area to
the total fiber surface area available for bonding in paper.
Ingmanson and Thode proposed using light scattering as a
simpler alternative to more involved experimental techniques
such as BET [14]. The technique has been criticized because
it results in an optical bonded area that is substantially greater
than the actual bonded area [15, 16]. This criticism arises from
the concern that unbonded fiber-to-fiber distances less than
the wavelengths of light (about 600 nm) do not scatter light.
Their technique involves measuring the specific lightscattering coefficient, s, as a function of tensile strength, T,
and determining the value of the total area available for
bonding by assuming that this area is proportional to the
extrapolated light-scattering coefficient when tensile strength
fell to zero, sT=0 ; namely, the intercept on the s axis.
Rewriting Eq. (5) for the specific light- scattering coefficient, s, in terms of tensile strength, T, yields Eq. (10):

	 ￼				

(10)

Equation (10) is shown in Fig. 2 as the regression line plotted
through the data originally published by Ingmanson and
Thode to establish the veracity of their technique. These data
represent an unclassified, never-dried, bleached sulfite pulp
that was ball milled from 0–250 min and wet pressed at

The Page equation
Shear lag theory has been used to assess the tensile failure of
fiber-reinforced composite materials, which are formed by
dispersing individual fibers in an initially liquid, continuous
resin matrix [18, 19]. Once solidified, shear stresses in the
matrix material produce tensile stresses in the fiber
components. Fibers will break by tensile failure if their length
is longer than a critical length and will pull out of the matrix
material if they are shorter than a critical length. The bond
strength between the matrix and the fiber is determined by
the cylindrical geometry of the fiber and is a function of the
product of the bond shear strength, fiber perimeter, and fiber
length. When fibers are longer than the critical length, the
composite tensile failure is described by a nonlinear equation
incorporating both fiber strength and bond shear strength
(well bonded). When fibers are shorter than the critical
length, tensile failure is described by a linear equation
incorporating only bond shear strength (loosely bonded).
Papermaking fibers are assumed to function as both
reinforcing fiber and matrix in shear lag analysis; there is no
liquid matrix material to adhesively bond to the individual
fibers. Solid fibers cohesively bond together through
hydrogen bonds leaving unbonded fiber surfaces. As a result,
pores are formed between bonded fibers.
The Page equation [12], characterized as equivalent to the
well-bonded shear lag equations of the Kallmes-Bernier-Perez
[19, 20] and the Shallhorn and Karnis theories [11, 21], is a TS
hyperbola in the form of Eq. (10). The traditional
representation of the Page equation is:
NOVEMBER 2011 | VOL. 10 NO. 11 | TAPPI JOURNAL
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	￼

where
A

ρ
b
P
L
Z
k1

= average fiber cross section
= density of the fibrous material
= shear bond strength per unit bonded area
= perimeter of the fiber cross section
= average fiber length
= fiber strength (zero-span tensile)
= 12

By setting Eq. (11)

						

(11)

and Eq. (12),

				
the following equation results, Eq. (13):

(12)
￼
(13)

Equation (13) equals Eq. (9) because RBA = Φ<int>.
The constant T<disp> does not represent the zero-span
tensile strength, Z, but the tensile strength of a specimen tested at a standard span length (100 mm for handsheets); the
density of this test specimen is also at a maximum. Nevertheless, using Eq. (11) and the values from Table I, the calculated
value of Z based on T<disp> is 219 kN/m, which is close to
the range of Z values (226–260 kN/m) reported for Ingmanson/Thode’s unclassified pulps [17].
F ig u r e 3 illustrates the plotting of Eq. (13) or Eq. (9)
through the same data presented in Fig. 2 and using the TS
hyperbolic parameters presented in Table I. The coefficient
of determination (r2) for the curve plotted through the inverse
transformed data is 0.943. This means that 94.3% of the total
variability in the transformed data is explained by Eq. (9). Because Eq. (9) is a function of only tensile strength (T) versus
light scattering (s), there is very little unexplained variability
in these data to assign to other possible variables such as the
fiber properties in the Page equation. Notably, the inverse
transformation of the data affects the residuals of the linear
regression [22]. As seen in Fig. 3, the residuals for the transformed data are greater at larger inverse values. The transformed data cluster tightly on the regression line for low inverse values but spread noticeably at higher values. Page
incorporated this double inverse plot in his original publication to demonstrate experimental verification of his theory
but excluded the last two points. Page reported r2 = 0.951
without the excluded data points [12]. Because the residuals
12
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3. Tensile/light-scattering hyperbola for Ingmanson/Thode data
in Page equation format.

of the transformed data expand for larger inverse values, Eq.
(9) should be used judiciously when estimating TS hyperbolic
parameters for small data sets. When estimating hyperbolic
parameters, all three untransformed hyperbolas (TS, DS, and
TD) should be used instead.
The equivalence of the regression line through the
Ingmanson/Thode data and the Page equation leads to the
conclusion that RBA is not an independent measurement of
the extent of fiber-to-fiber bonding; it should not be referred
to as RBA but only as the hyperbolic parameter Φ<int> in the
TS hyperbola. In addition, the assumption that the product of
the fiber shear bond strength, b, and RBA can estimate the
shear stress, τ, between two fibers is incorrect, or more
explicitly τ ≠ b RBA. Because from Eq. (10)
	￼

the calculation of shear stress will be confounded with tensile
stress.
The following discussion demonstrates that this incorrect
assumption leads to another problem in the implementation
of shear lag theory to paper.

The Kallmes-Bernier-Perez equations
The Kallmes-Bernier-Perez (KBP) theory attempts to describe
the tensile behavior of planar, randomly formed fiber webs
under uniform strain more comprehensively than the Page
equation [7–10]. Fibers are assumed to be cylindrical in shape
with well-defined surface areas. For this reason, a critical relative bonded area can be defined directly from the critical
fiber length. This section will show, however, that a subtle
mathematical error is made when RBA is used instead of
Φ<disp>. The need for a loosely bonded equation disappears
when this error is removed.
The KBP equation for well-bonded sheets (RBA > RBAcrit)
related to Eq. (3) is Eq. (14):

PAPER STRUCTURE
	￼

			

(14)

The linear KBP equation for loosely bonded sheets
(RBA < RBAcrit) is Eq. (15):

	￼ 		

(15)

Williams defined the parameter j as a proportionality constant
incorporating the shift from the KBP designation of fiber area
to that of Page (k1/k2) [20]. The parameters k2 and k3 are numerical constants and the hyperbolic parameter, γ, similar to
α in Eq. (12), is defined as (Eq. 16)

	 	￼ 	

(16)

where fi is an arbitrary parameter incorporated into the KBP
equation to account for the fraction of fibers initially inactive
or presumably incapable of bearing a tensile load. However,
fi, similar to the other fiber property parameters used in the
definitions of α in Eq. (12) and γ in Eq. (16), has no physical
meaning independent of the primary hyperbolic relationship
between light scattering and tensile strength. Combining Eq.
(12) and Eq. (1) and equating the result to Eq. (6) demonstrates
this fact:
	￼

Since j must equal k1/k2, fi must equal - α.
Equation (14) differs from Eq. (3) because RBA equals
Φ<int> not Φ<disp>, which reveals a hitherto unknown
problem with the KBP well-bonded equation, namely that
RBA as measured by light scattering has been incorrectly
applied in these equations. However, measuring RBA by any
other technique, such as the nitrogen adsorption BET
technique, would also present a problem, because when
T = 0, RBA should equal γ not 0. The severity of this problem
is illustrated below.
Equation (14) and Eq. (15) must be equal at the critical
relative bonded area, RBAcrit. This occurs when the slopes of
both equations are equal. Thus,
￼

resulting in RBAcrit = 2 γ at T = 0.5T<disp> and

4. Incorrect use of relative bonded area instead of Φ<disp>.

	￼

Fig ur e 4 plots Eq. (8) as the regression line through the
Ingmanson/Thode data using the same hyperbolic parameters
from Table I. Also plotted are the well-bonded Eq. (14) and the
loosely bonded Eq. (15). It is obvious that Eq.(8) is the correct
TS hyperbola, fitting the data appropriately, while Eq. (14)
does not. Using RBA instead of Φ<disp> in Eq. (14) results in
a shifted TS hyperbola that does not equal the correct TS
hyperbola of Eq. (3). It can be speculated that this nonfitting
of the well-bonded KBP equation to the data was the reason
that an arbitrary parameter, fi, was incorporated to describe
the nebulous fraction of inactive fibers [23].
Figure 4 also demonstrates that there is no critical RBA or
fiber length eliminating the need for a loosely bonded equation. The Ingmanson/Thode never-dried pulp data show that
both refining and wet pressing densify the sheet continuously. Because the Shallhorn-Karnis theory [11] is identical to the
Kallmes-Bernier-Perez theory, all arguments stated previously
are applicable to both theories. Hence, the Kallmes-BernierPerez, Shallhorn-Karnis, and Page equations are all the same
TS hyperbola when the proper hyperbolic parameter is used.

Process pathways
Paper produced from beaten pulp is stronger than paper that
is wet pressed to the same density [19]. This is particularly
true for pulp that has been dried before papermaking. Page
hypothesized that previously dried pulp had set in kinks,
crimps, and curls that were pulled out during refining to make
fibers better able to take the applied tensile load [24]. However, this hypothesis assumes that the fiber property variables
in the Page equation are functional and that crimped fibers
behave as shorter fibers. However, TS hyperbolas contradict
this hypothesis because α is constant during either a refining
process or a wet-pressing process. If refining were lengthening crimped fibers, the increase in effective fiber length
would not be a casual factor in the observed differences beNOVEMBER 2011 | VOL. 10 NO. 11 | TAPPI JOURNAL
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5. Process pathways through Page 1985 data.

6. Rennel’s 1969 data.

tween wet pressing and refining. This statement is demonstrated in Fig. 5 by plotting three separate TS hyperbolas
through Page’s 1985 data.
The three TS hyperbolas are (1) variable wet pressing at a
freeness of 693 CSF, (2) variable wet pressing at a freeness of
619 CSF, and (3) variable refining at standard wet pressing.
Table I I lists the TS hyperbolic constants determined by fitting Eq. (10) through the data. Notice that the hyperbolic constant term is different for each process.
A simple explanation for the divergent pathways in Fig. 5
resides with fiber fibrillation occurring during refining. Because wet pressing does not fibrillate fibers, the effect is to
densify the sheet by reducing pore volume. This direct densification process will be limited by the amount of air that is
trapped in blocked pores. Through fibrillation, refining will
open the cellulose structure and allow blocked pores to collapse more completely during wet pressing and more importantly during drying, where considerable surface tension forces will collapse the fibrillated cellulose material.
By examining Fig. 5 further, additional conclusions can be
drawn about RBA and shear lag models. At each intersection
of a constant wet-pressing pathway and a constant refining
pathway, a material state exists that can either be refined or
wet pressed further. Each of these states has two different
s<int> values defined by each TS hyperbola. This fact presents

a contradiction in the concept of RBA, because either a wet
pressing or a refining process determines the value of RBA
rather than a fiber property, such as a well-defined maximum
surface area. Furthermore, there are two values for α at each
crossing point, which means that each crossing point would
have different potential values for fiber properties. Because
neither of these two possibilities can be true, both RBA and
shear lag models are not applicable to paper structure.
Rennel studied the effect of both wet pressing and refining
on fiber bonding and sheet strength for four pulps and produced depictions of TS hyperbolic process pathways [25].
Fig ur e 6 presents all four of his pulps plotted together with
TS hyperbolas. The four pulps were never-dried Douglas fir,
never-dried Scandinavian spruce, dried prehydrolyzed sulfate,
and never-dried groundwood pulp. The pulps were wet
pressed at intervals from 0.25 to 15 MPa, and refined in a PFI
mill at intervals from 0 to 32,000 revs. Rennel’s more extreme
experimental conditions, when compared to that of Ingmanson and Thode, produced distinct, separate TS hyperbolic
process pathways that formed a grid for each pulp. The neverdried Douglas fir and Scandinavian spruce had overlapping
grids. The dried prehydrolyzed sulfate pulp’s grid was shifted
to lower tensile strengths from chemical shortening of the
cellulose polymers. The never-dried groundwood pulp was
shifted to lower tensile strengths due to mechanical fiber fracturing, which ostensibly resulted in shortening of the cellulose polymers. The groundwood pulp’s grid had higher scattering coefficient values due to the presence of lignin in the
high-yield pulp.
Refining does not fibrillate a groundwood pulp but rather
breaks the fibers into smaller particles. For this reason, refining does not produce TS hyperbolic process pathways but
rather pathways that are linear functions of light scattering
and tensile. Only wet pressing produces TS hyperbolic process pathways for groundwood. Fig ur e 7 illustrates the plotting of the five, groundwood wet-pressing hyperbolas using
Eq. (8). According to the theory of Shallhorn and Karnis, all
five of these pathways should be linear following the loosely
bonded shear lag equation [11]. It is rather obvious that there

Process

α

s<int>

T<disp>

m2/kg

kNm/kg

Constant

Variable wet
pressing, 693 CSF

0.381

47.2

74.4

1,338

Variable wet
pressing, 619 CSF

0.330

53.5

123

2,172

Variable refining,
standard wet
pressing

0.396

41.7

192

3,170

II. Tensile/light-scattering hyperbolic constants for previously
dried process pathways.
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Fiber Length

α

mm

s<int>

T<disp>

m2/kg

kNm/kg

Constant

1.47

0.296

42.5

121

1,522

1.91

0.260

43.5

134

1,516

2.17

0.261

43.5

134

1,516

2.70

0.236

45.2

143

1,525

III. Hyperbolic constants for Seth’s data.

7. Rennel’s groundwood tensile/light-scattering wet pressing
hyperbolas.

8. Effect of guillotining paper to shorten fiber length from Seth’s
data.

was no evidence of short fiber pullout, because each TS hyperbola passed through each data set with no discontinuities.
Furthermore, the highest degree of refining (revs = 32,000)
that produced the shortest groundwood fibers followed the
most nonlinear TS process pathway, which is also entirely in
the supposedly well-bonded region (T > 0.5 T<disp>).
Seth explored the effect of guillotining paper into thin
strips to reduce fiber length without apparently changing any
other fiber property [26]. By cutting unbleached, softwood
kraft pulp sheets having a 2.7-mm initial fiber length into 2.5mm, 2.0-mm, and 1.0-mm strips, papers with fiber average
lengths of 2.7, 2.17, 1.91, and 1.47 mm, respectively, were produced. Fig ur e 8 shows Seth’s data as a set of TS hyperbolic
wet-pressing pathways using Eq. (10). The data in each pathway represent wet-pressing pressures ranging from 70 kPa to
7 MPa with no refining. The TS hyperbolic parameters are
given in Table I I I . The results for the 2.17-mm and the 1.91mm sheets are virtually identical.
Figure 8 demonstrates the same shift to lower tensile
strengths for Seth’s cut fibers that was seen in Rennel’s prehydrolyzed sulfate and groundwood pulp when compared to
nonhydrolyzed sulfate pulps in Fig. 6. Cutting fibers should

not change the total fiber area, but Fig. 8 demonstrates that a
reduction in RBA would be calculated as a function of fiber
length at constant tensile strength. Instead, the reduction in
light scattering as a function of decreasing fiber length at constant tensile strength is more likely caused by an increase in
formation due to shorter fiber length reducing the average
pore size between fibers. Seth reported that improved formation did occur as fiber length was reduced [26].
Table III reveals that the hyperbolic constants for these norefining processes were remarkably constant, in contrast to
the results in Table II. It appears that refining increased the
hyperbolic constant because the value of T<disp> increased
through more effective pore elimination via fiber fibrillation
when compared to wet pressing.
DS HYPERBOLAS
Light scattering and sheet density follow a hyperbolic relationship similar to Eq. (1). Analogous versions of all TS hyperbolas
can be written for the DS hyperbola. The relevant DS hyperbola similar to Eq. (10) is Eq. (17):

	￼ 		

(17)

where sD is the intercept light scattering value, Dsheet is the apparent density of paper, and Dmax is the density of cellulose.
Because the density of cellulose is a known physical property
of cellulose, Dmax ≈ 1,500 kg/m3 [27].
Fig ur e 9 and Table I V reveal that for a particular pulp
undergoing either a wet pressing or a refining process, the
data are colinear regardless of wet pressing or refining. The
explanation for this observation is that the hyperbolic constant
(β Dmax sD) for DS hyperbolas has the dimensions of mass,
which also requires that the specific scattering coefficient, s,
has the dimensions of volume:
￼

The customary units for s are m3/kg, which is derived by
dividing the dimensionless scattering power, sW, by grammage. This operation normalizes the measured value for mass
but does not produce a specific fiber area because a constant
NOVEMBER 2011 | VOL. 10 NO. 11 | TAPPI JOURNAL
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9. Density/light-scattering hyperbolas for both Page and Seth
data.

β

10. Tensile/density hyperbolas for both Page and Seth data.

sD
m2/kg

Page

0.577

52.5

Seth

0.615

44.9

IV. Density/light-scattering hyperbolic constants for Page and
Seth data.

ream area is used instead of fiber surface area. Hence, the units
of s are independent of its physical dimensionality.
A similar argument can be used with the TS hyperbolic
constant (γ T<disp> s<disp>). When the tensile term has the
dimensions of tensile strength rather than tensile index, the
dimensions of the constant are energy, which is physically
relevant.
Further justification for the equivalence of light scattering
and pore volume will be given in the following section on TDS
and TDV process space.
TD HYPERBOLAS
When Eq. (17) is combined with Eq. (10), a TD hyperbola results, Eq. (18):

	 	￼			

(18)

where
	￼

and
	￼

11. TDS process space for Page data.

Seth. The effects of the applied processes can be seen clearly.
The slopes of the wet-pressing processes are less than the
slopes of the refining process, and the effect of fiber cutting is
to reduce the position of the hyperbola to lower tensile values.
TDS AND TDV PROCESS SPACE
The TS, DS, and TD hyperbolas (Eqs. [10], [17], and [18]) can
be combined to form the TDS process space, as shown in
Fig. 11. The purpose of TDS space is to illustrate that any
final sheet state defined as s = f(T,D) can be achieved by first
refining and then wet pressing. Neither refining nor wetpressing alone can produce all states.
Fig ur e 1 2 shows the TDV process space for Page data.
The TDV process space can be produced by conversion of the
light-scattering variable into that of pore volume through
equating the DS hyperbola, Eq. (17), to a simple mass balance
for a porous material:
	￼
This results in the following hyperbola, Eq. (19):

Fig ur e 10 shows the TD hyperbolas for both Page and
16
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A TV hyperbola is then produced that demonstrates that the
structure of paper and its relationship to tensile strength is
simply described as a material consisting of solid cellulose
with air dispersed throughout to form a solid foam. TJ
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12. TDV process space for Page data.

	 ￼	

(19)

Combining Eq. (19) with Eq. (10), a final TV hyperbola in
quadrant 1 results, Eq. (20):

￼ 	 	

(20)

Equation (20) demonstrates that the tensile strength of
paper is a function of pore volume and the strength of the cellulose material. Equation 20 also demonstrates that the process of densification (either wet pressing or refining) plays a
role in the achievable strength of the sheet.
CONCLUSIONS
Both tensile strength and apparent sheet density are related
to light scattering through rectangular hyperbolas that are
origin shifted into the third Cartesian quadrant. The TS hyperbola is noteworthy because it defines RBA, which was shown
to be a light-scattering parameter that is a function of tensile
strength and not a measure of fractional bonded area.
The Page, Kallmes-Bernier-Perez, and Shallhorn Karnis
equations are also demonstrated to be the same origin-shifted
rectangular hyperbolas that describe RBA. As a result, the application of these shear-lag equations to paper is shown to be
invalid.
Both the TS and DS hyperbolas describe the densification
of paper as a function of processing. The processes of wet
pressing and refining produce separate TS hyperbolas. A single colinear DS hyperbola is produced for both processes. The
combination of each hyperbola produces a TD hyperbola. In
addition, the DS hyperbola can be transformed into a DV hyperbola with the use of a mass balance for a porous material.
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PAPER STRUCTURE
ABOUT THE AUTHOR
The Hyperbolic Theory is a result of developing undergraduate laboratory assignments in paper physics
that focused on D’Arcy Clark’s simplification of the
Page equation. Repeatedly, student results indicated
that these equations, which are functions of fiber
properties, inadequately describe the strength of
paper. The exploration for explanations of the observations led to the discovery that hyperbolic equations
of light scattering versus tensile strength were all that
was needed to explain the experimental phenomena.
The hyperbolic theory compliments my work on
controlling fiber-length distributions to maintain constant formation on paper machines. The theory explains why maintaining a constant fiber length distribution regardless of pulp type produces paper of
equal sheet strength. We are pursuing a patent for the
fiber length research.
The most difficult aspect of this research was handling the hyperbolic equations when they expanded
into quadratic equations in two variables. Using parameters to separate the variables resulted in a con-

siderable simplification of the
mathematical effort. Most surprising to me was the vested interest
that most papermakers have in the
fiber and bond theories of paper
described by the Page- type
equations.
The hyperbolic theory has already been used to analyze a problem that a mill was having with
Ring
grade development. For mills, the
advantage of having a simple theory of paper sheet strength substantially reduces the
number of variables in an experimental study. The
next step is to develop a comprehensive theory of
paper strength that unifies Nissan’s theory of hydrogen-bond dominated materials with the hyperbolic
theory.
Ring is professor and chair at the Department of Paper
Science and Engineering, College of Natural Resources,
University of Wisconsin–Stevens Point, Stevens Point,
WI, USA. E-mail Ring at gring@uwsp.edu.

TAPPI Kraft Recovery Course

January 9-12, 2012 w St. Petersburg, Florida USA
The Kraft Recovery Course examines key recovery operations in a kraft pulp mill to help participants increase their
ability to improve pulp production efficiency while minimizing operating costs and environmental problems. The
course will cover chemistry, physics and engineering relating to kraft recovery.
Course participants are encouraged to bring questions and specific problems to the experts! The experts faculty will
provide practical day-to-day information through traditional workshops and team-based problem solving exercises.
Teams will work on real-world problems and present their results to the class.
Learning Outcomes
After successfully completing this course, participants
should be able to:
•
Describe the kraft recovery process
•
Describe the black liquor evaporator operation
and list ways to improve it
•
Identify causes and solutions for recausticizing problems
•
Describe lime reburning principles and devise a
means to improve kiln performance
•
Identify causes and solutions for recovery boiler problems
•
List the main causes of corrosion in recovery boilers and
ways to minimize them
•
List ways to reduce energy consumption and to optimize
energy utilization

Register by December 15, 2011 and Save!
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